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Abstract
We show that an elliptic uniform pseudodifferential operator over a manifold of
bounded geometry defines a class in uniform K-homology, and that this class only
depends on the principal symbol of the operator.
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1 Introduction
Pseudodifferential operators are an indispensable tool in the study of elliptic differential
operators (like Dirac operators) and their index theory. The calculus of pseudodifferential
operators on compact manifolds encompasses parametrices of elliptic differential operators,
i.e., their inverses up to smoothing operators, which enables one to deduce the usual
important results about elliptic operators like elliptic regularity. Also, the first published
proof of the Atiyah–Singer index theorem [AS68] goes via pseudodifferential operators.
The first goal of the present paper is to set up a suitable calculus of pseudodifferential
operators on non-compact manifolds. It turns out that the only for us useful definition
of such a calculus is the uniform one, and that such a definition is only possible on
manifolds of bounded geometry. Let us explain why on non-compact manifolds we have
to consider uniform pseudodifferential operators. Recall that on Rm an operator P is
called pseudodifferential, if it is given by
(Pu)(x) = (2pi)−n/2
∫
Rm
ei〈x,ξ〉p(x, ξ)uˆ(ξ) dξ,
where uˆ denotes the Fourier transform of u and the function p(x, ξ) satisfies for some
k ∈ Z the estimates ‖DαxDβξ p(x, ξ)‖ ≤ Cαβ(1 + |ξ|)k−|β| for all multi-indices α and β. On
manifolds one calls an operator pseudodifferential if one has the above representation in
any local chart. But if the manifold is not compact, we get the problem that this is not
sufficient to guarantee that the operator has continuous extensions to Sobolev spaces.1
For this we additionally have to require that the above bounds Cαβ are uniform across all
the local charts. But since this is not well-defined (choosing a different atlas may distort
the bounds arbitrarily large across the charts of the atlas), we will have to restrict the
charts to exponential charts and additionally we will have to assume that our manifold
has bounded geometry (these restrictions become clear when one looks at Lemma 2.3).
Our calculus of pseudodifferential operators on manifolds of bounded geometry is not
totally new: Kordyukov [Kor91], Shubin [Shu92] and Taylor [Tay08] already developed
similar calculi. Let us explain the difference between their calculi and the one we develop
in this paper. The underlying reason that different versions of such calculi are possible
is due to the fact that on non-compact manifolds one needs to control the behaviour
of the integral kernels of these operators at infinity. One possibility is to impose finite
propagation, i.e., demanding that there is an R > 0 such that the integral kernel k(x, y)
of the pseudodifferential operator vanishes for all x, y with d(x, y) > R (recall that
pseudodifferential operators always have an integral kernel that is smooth outside the
diagonal). More generally, one can require an exponential decay of the integral kernel at
infinity, and usually this decay should be faster than the volume growth of the manifold.
In the present article we will require that our pseudodifferential operators are quasilocal2,
1We are ignoring in this discussion the fact that on non-compact manifolds we also need a condition on
the behaviour of the integral kernel of P at infinity.
2An operator A : Hr(E) → Hs(F ) is quasilocal, if there exists some function µ : R>0 → R≥0 with
µ(R) → 0 for R → ∞ and such that for all L ⊂ M and all u ∈ Hr(E) with suppu ⊂ L we have
‖Au‖Hs,M−BR(L) ≤ µ(R) · ‖u‖Hr .
2
since this seems to be in a certain sense the most general notion which we may impose
(see, e.g., the proof of Corollary 5.5 for how quasi-locality is used).
Let us explain why we want our operators to be quasilocal. To construct the large
scale index class of an operator D of Dirac type, we have to consider the operator f(D),
where f is a Schwartz function with f(0) = 1. Now usually f(D) will not have finite
propagation, but it will be a quasilocal operator. This was proven by Roe for operators
of Dirac type [Roe88, Section 5] and we will generalize this crucial fact to elliptic uniform
pseudodifferential operators, see Corollary 7.3. So even though we could restrict to finite
propagation uniform pseudodifferential operators and use the fact that f(P ) will be
quasilocal whenever we need, we would leave our class of finite propagation operators in
this way. So working from the beginning with quasilocal operators leads to the fact that
we never have to leave this class. Note that the proof of the fact that f(P ) is quasilocal
requires substantial analysis and is one of our key technical lemmas. It relies on a close
analysis of the propagation properties of the wave operators eitP associated to an elliptic
uniform pseudodifferential operator P , see Lemma 7.1.
The approach to index theory preferred by the author is the one via K-homology. This
is a generalized homology theory in which elliptic operators naturally define classes. On
non-compact manifolds of bounded geometry an important branch of index theory (large
scale index theory) is investigated via, e.g., the rough assembly map Ku∗ (−)→ K∗(C∗u−)
developed by Špakula (the coarse setting is actually more common,3 but since we have
to work with uniform operators anyway the more natural approach is to use the rough
theory which is as a uniform version of the coarse one). Here Ku∗ (−) denotes uniform
K-homology and K∗(C∗u−) is the K-theory of the uniform Roe algebra. Given an operator
of Dirac type over a manifold of bounded geometry, Špakula showed [Špa09, Section 3]
that it has a class in uniform K-homology and therefore large scale index theory can
be applied. Our investigations of uniform pseudodifferential operators on manifolds of
bounded geometry and our analysis of the propagation properties of functions of such
operators enables us to generalize the result of Špakula and show that elliptic uniform
pseudodifferential operators also have classes in uniform K-homology. For the resulting
index theory see [Eng15b] and [Eng15a, Section 5].
Main Result (Theorem 9.2 and Proposition 9.3). Let P be a symmetric and elliptic
uniform pseudodifferential operator acting on a vector bundle of bounded geometry over a
manifold M of bounded geometry.
Then P defines naturally a uniform K-homology class [P ] ∈ Ku∗ (M) and this class
does only depend on the principal symbol of P .
Acknowledgements This article contains mostly Section 2 of the preprint [Eng15a]
which is being split up for easier publication. It arose out of the Ph.D. thesis [Eng14] of
the author written at the University of Augsburg.
3Coarse index theory was mainly developed by Roe [Roe93, Roe96, Roe03].
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2 Bounded geometry
We will define in this section the notion of bounded geometry for manifolds and for vector
bundles and discuss basic facts about uniform Cr-spaces and Sobolev spaces on them.
Definition 2.1. We will say that a Riemannian manifold M has bounded geometry, if
• the curvature tensor and all its derivatives are bounded, i.e., ‖∇k Rm(x)‖ < Ck for
all x ∈M and k ∈ N0, and
• the injectivity radius is uniformly positive, i.e., inj-radM(x) > ε > 0 for all points
x ∈M and for a fixed ε > 0.
If E →M is a vector bundle with a metric and compatible connection, we say that E has
bounded geometry, if the curvature tensor of E and all its derivatives are bounded. 
Examples 2.2. There are plenty of examples of manifolds of bounded geometry. The
most important ones are coverings of compact Riemannian manifolds equipped with
the pull-back metric, homogeneous manifolds with an invariant metric, and leafs in a
foliation of a compact Riemannian manifold (this is proved by Greene in [Gre78, lemma
on page 91 and the paragraph thereafter]).
For vector bundles, the most important examples are of course again pull-back bundles
of bundles over compact manifolds equipped with the pull-back metric and connection,
and the tangent bundle of a manifold of bounded geometry.
Furthermore, if E and F are two vector bundles of bounded geometry, then the dual
bundle E∗, the direct sum E ⊕ F , the tensor product E ⊗ F (and so especially also the
homomorphism bundle Hom(E,F ) = F ⊗ E∗) and all exterior powers ΛlE are also of
bounded geometry. If E is defined over M and F over N , then their external tensor
product4 E  F over M ×N is also of bounded geometry. 
Greene proved in [Gre78, Theorem 2’] that there are no obstructions against admitting
a metric of bounded geometry, i.e., every smooth manifold without boundary admits one.
On manifolds of bounded geometry there is also no obstruction for a vector bundle to
admit a metric and compatible connection of bounded geometry. The proof (i.e., the
construction of the metric and the connection) is done in a uniform covering of M by
normal coordinate charts and subordinate uniform partition of unity (we will discuss
these things in a moment) and we have to use the local characterization of bounded
geometry for vector bundles from Lemma 2.5.
We will now state an important characterization in local coordinates of bounded
geometry since it will allow us to show that certain local definitions (like the one of
uniform pseudodifferential operators) are independent of the chosen normal coordinates.
Lemma 2.3 ([Shu92, Appendix A1.1]). Let the injectivity radius of M be positive.
Then the curvature tensor of M and all its derivatives are bounded if and only if for
any 0 < r < inj-radM all the transition functions between overlapping normal coordinate
4The fiber of E  F over the point (x, y) ∈M ×N is given by Ex ⊗ Fy.
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charts of radius r are uniformly bounded, as are all their derivatives (i.e., the bounds can
be chosen to be the same for all transition functions).
Another fact which we will need about manifolds of bounded geometry is the existence
of uniform covers by normal coordinate charts and corresponding partitions of unity. A
proof may be found in, e.g., [Shu92, Appendix A1.1] (Shubin addresses the first statement
about the existence of such covers actually to the paper [Gro81] of Gromov).
Lemma 2.4. Let M be a manifold of bounded geometry.
For every 0 < ε < inj-radM
3
there exists a covering of M by normal coordinate charts of
radius ε with the properties that the midpoints of the charts form a uniformly discrete set
in M and that the coordinate charts with double radius 2ε form a uniformly locally finite
cover of M .
Furthermore, there is a subordinate partition of unity 1 =
∑
i ϕi with suppϕi ⊂ B2ε(xi),
such that in normal coordinates the functions ϕi and all their derivatives are uniformly
bounded (i.e., the bounds do not depend on i).
If the manifold M has bounded geometry, we have analogous equivalent local charac-
terizations of bounded geometry for vector bundles as for manifolds. The equivalence of
the first two bullet points in the next lemma is stated in, e.g., [Roe88, Proposition 2.5].
Concerning the third bullet point, the author could not find any citable reference in the
literature (though Shubin uses in [Shu92] this as the actual definition).
Lemma 2.5. Let M be a manifold of bounded geometry and E → M a vector bundle.
Then the following are equivalent:
• E has bounded geometry,
• the Christoffel symbols Γβiα(y) of E with respect to synchronous framings (considered
as functions on the domain B of normal coordinates at all points) are bounded, as
are all their derivatives, and this bounds are independent of x ∈ M , y ∈ expx(B)
and i, α, β, and
• the matrix transition functions between overlapping synchronous framings are
uniformly bounded, as are all their derivatives (i.e., the bounds are the same for all
transition functions).
We will now give the definition of uniform C∞-spaces together with a local charac-
terization on manifolds of bounded geometry. The interested reader is refered to, e.g.,
the papers [Roe88, Section 2] or [Shu92, Appendix A1.1] of Roe and Shubin for more
information regarding these uniform C∞-spaces.
Definition 2.6 (Cr-bounded functions). Let f ∈ C∞(M). We say that f is a Crb -function,
or equivalently that it is Cr-bounded, if ‖∇if‖∞ < Ci for all 0 ≤ i ≤ r. 
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If M has bounded geometry, being Cr-bounded is equivalent to the statement that in
every normal coordinate chart |∂αf(y)| < Cα for every multiindex α with |α| ≤ r (where
the constants Cα are independent of the chart).
Of course, the definition of Cr-boundedness and its equivalent characterization in
normal coordinate charts for manifolds of bounded geometry make also sense for sections
of vector bundles of bounded geometry (and so especially also for vector fields, differential
forms and other tensor fields).
Definition 2.7 (Uniform C∞-spaces). Let E be a vector bundle of bounded geometry
over M . We will denote the uniform Cr-space of all Cr-bounded sections of E by Crb (E).
Furthermore, we define the uniform C∞-space C∞b (E)
C∞b (E) :=
⋂
r
Crb (E)
which is a Fréchet space. 
Now we get to Sobolev spaces on manifolds of bounded geometry. Much of the following
material is from [Shu92, Appendix A1.1] and [Roe88, Section 2], where an interested
reader can find more thorough discussions of this matters.
Let s ∈ C∞c (E) be a compactly supported, smooth section of some vector bundle
E →M with metric and connection ∇. For k ∈ N0 and p ∈ [1,∞) we define the global
W k,p-Sobolev norm of s by
‖s‖p
Wk,p
:=
k∑
i=0
∫
M
‖∇is(x)‖pdx. (2.1)
Definition 2.8 (Sobolev spaces W k,p(E)). Let E be a vector bundle which is equipped
with a metric and a connection. The W k,p-Sobolev space of E is the completion of C∞c (E)
in the norm ‖ − ‖Wk,p and will be denoted by W k,p(E). 
If E and Mm both have bounded geometry than the Sobolev norm (2.1) for 1 < p <∞
is equivalent to the local one given by
‖s‖p
Wk,p
equiv
=
∞∑
i=1
‖ϕis‖pWk,p(B2ε(xi)), (2.2)
where the balls B2ε(xi) and the subordinate partition of unity ϕi are as in Lemma 2.4,
we have chosen synchronous framings and ‖ − ‖Wk,p(B2ε(xi)) denotes the usual Sobolev
norm on B2ε(xi) ⊂ Rm. This equivalence enables us to define the Sobolev norms for all
k ∈ R, see Triebel [Tri10] and Große–Schneider [GS13]. There are some issues in the case
p = 1, see the discussion by Triebel [Tri83, Section 2.2.3], [Tri10, Remark 4 on Page 13].
Assuming bounded geometry, the usual embedding theorems are true:
Theorem 2.9 ([Aub98, Theorem 2.21]). Let E be a vector bundle of bounded geometry
over a manifold Mm of bounded geometry and without boundary.
Then we have for all values (k − r)/m > 1/p continuous embeddings
W k,p(E) ⊂ Crb (E).
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We define the space
W∞,p(E) :=
⋂
k∈N0
W k,p(E) (2.3)
and equip it with the obvious Fréchet topology. The Sobolev Embedding Theorem tells
us now that we have for all p a continuous embedding
W∞,p(E) ↪→ C∞b (E).
For p = 2 we will write Hk(E) for W k,2(E). This are Hilbert spaces and for k < 0 the
space Hk(E) coincides with the dual of H−k(E), regarded as a space of distributional
sections of E.
We will now investigate the Sobolev spaces H∞(E) and H−∞(E) of infinite orders.
They are crucial since they will allow us to define smoothing operators and hence the
important algebra U∗−∞(E) in the next section.
Lemma 2.10. The topological dual of H∞(E) is given by
H−∞(E) :=
⋃
k∈N0
H−k(E).
Let us equip the space H−∞(E) with the locally convex topology defined as follows: the
Fréchet space H∞(E) = lim←−Hk(E) is the projective limit of the Banach spaces Hk(E),
so using dualization we may put on the space H−∞(E) the inductive limit topology
denoted ι(H−∞(E), H∞(E)):
H−∞ι (E) := lim−→H
−k(E).
It enjoys the following universal property: a linear map A : H−∞ι (E)→ F to a locally
convex topological vector space F is continuous if and only if A|H−k(E) : H−k(E)→ F is
continuous for all k ∈ N0.
Later we will need to know how the bounded5 subsets of H−∞ι (E) look like, which is
the content of the following lemma. In its proof we will also deduce some nice properties
of the spaces H∞(E) and H−∞ι (E).
Lemma 2.11. The space H−∞ι (E) := lim−→H−k(E) is a regular inductive limit, i.e., for
every bounded subset B ⊂ H−∞ι (E) exists some k ∈ N0 such that B is already contained
in H−k(E) and bounded there.6
Proof. Since all H−k(E) are Fréchet spaces, we may apply the following corollary of
Grothendieck’s Factorization Theorem: the inductive limit H−∞ι (E) is regular if and
only if it is locally complete (see, e.g., [PCB87, Lemma 7.3.3(i)]). To avoid introducing
5A subset B ⊂ H−∞ι (E) is bounded if and only if for all open neighbourhoods U ⊂ H−∞ι (E) of 0 there
exists λ > 0 with B ⊂ λU .
6Note that the converse does always hold for inductive limits, i.e., if B ⊂ H−k(E) is bounded, then it
is also bounded in H−∞ι (E).
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more burdensome vocabulary, we won’t define the notion of local completeness here since
we will show something stronger: H−∞ι (E) is actually complete7.
From [BB03, Sections 3.(a & b)] we conclude the following: since each Hk(E) is a
Hilbert space, the Fréchet space H∞(E) is the projective limit of reflexive Banach spaces
and therefore totally reflexive8. It follows that H∞(E) is distinguished, which can be
characterized by H−∞β (E) = H
−∞
ι (E), where β(H−∞(E), H∞(E)) is the strong topology
on H−∞(E). Now without defining the strong topology we just note that strong dual
spaces of Fréchet space are always complete.
3 Quasilocal smoothing operators
We will discuss in this section the definition and basic properties of smoothing opera-
tors on manifolds of bounded geometry and we will introduce the notion of quasilocal
operators. The quasilocal smoothing operators will be the (−∞)-part of our uniform
pseudodifferential operators that we are going to define in the next section.
Definition 3.1 (Smoothing operators). Let M be a manifold of bounded geometry and
E and F two vector bundles of bounded geometry over M . We will call a continuous
linear operator A : H−∞ι (E)→ H∞(F ) a smoothing operator. 
Lemma 3.2. A linear operator A : H−∞ι (E)→ H∞(F ) is continuous if and only if it is
bounded as an operator H−k(E)→ H l(F ) for all k, l ∈ N0.
Let us denote by B(H−∞ι (E), H∞(E)) the algebra of all smoothing operators from E
to itself. Due to the above lemma we may equip it with the countable family of norms
(‖ − ‖−k,l)k,l∈N0 so that it becomes a Fréchet space9.
Now let us get to the main property of smoothing operators that we will need, namely
that they can be represented as integral operators with a uniformly bounded smooth
kernel. Let A : H−∞ι (E)→ H∞(F ) be given. Then we get by the Sobolev Embedding
Theorem 2.9 a continuous operator A : H−∞ι (E)→ C∞b (F ) and so may conclude by the
Schwartz Kernel Theorem for regularizing operators10 that A has a smooth integral kernel
kA ∈ C∞(F  E∗), which is uniformly bounded as are all its derivatives, because of the
bounded geometry of M and the vector bundles E and F , i.e., kA ∈ C∞b (F  E∗).
From the proof of the Schwartz Kernel Theorem for regularizing operators we also
see that the assignment of the kernel to the operator is continuous against the Fréchet
7That is to say, every Cauchy net converges. In locally convex spaces, being Cauchy and to converge is
meant with respect to each of the seminorms simultaneously.
8That is to say, every quotient of it is reflexive, i.e., the canonical embeddings of the quotients into
their strong biduals are isomorphisms of topological vector spaces.
9That is to say, a topological vector space whose topology is Hausdorff and induced by a countable
family of seminorms such that it is complete with respect to this family of seminorms.
10Note that the usual wording of the Schwartz Kernel Theorem for regularizing operators requires
the domain H−∞(E) to be equipped with the weak-∗ topology σ(H−∞(E), H∞(F )) and A to be
continuous against it. But one actually only needs the domain to be equipped with the inductive
limit topology. To see this, one can look at the proof of the Schwartz Kernel Theorem for regularizing
kernels as in, e.g., [Gan10, Theorem 3.18].
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topology on B(H−∞ι (E), H∞(F )). Furthermore, because of Lemma 2.11 this topology
coincides with the topology of bounded convergence11 on B(H−∞ι (E), H∞(F )). We need
this equality of topologies in order for the next proposition (which is a standard result in
distribution theory) to be equivalent to the version stated in [Roe88, Proposition 2.9].
Proposition 3.3. Let A : H−∞ι (E)→ H∞(F ) be a smoothing operator. Then A can be
written as an integral operator with kernel kA ∈ C∞b (F  E∗). Furthermore, the map
B(H−∞ι (E), H
∞(F ))→ C∞b (F  E∗),
which associates a smoothing operator its kernel, is continuous.
Let L ⊂M be any subset. We will denote by ‖ − ‖Hr,L the seminorm on the Sobolev
space Hr(E) given by
‖u‖Hr,L := inf{‖u′‖Hr | u′ ∈ Hr(E), u′ = u on a neighbourhood of L}.
Definition 3.4 (Quasilocal operators, [Roe88, Section 5]). We will call a continuous
operator A : Hr(E) → Hs(F ) quasilocal, if there is a function µ : R>0 → R≥0 with
µ(R)→ 0 for R→∞ and such that for all L ⊂M and all u ∈ Hr(E) with suppu ⊂ L
we have
‖Au‖Hs,M−BR(L) ≤ µ(R) · ‖u‖Hr .
Such a function µ will be called a dominating function for A.
We will say that an operator A : C∞c (E)→ C∞(F ) is a quasilocal operator of order k12
for some k ∈ Z, if A has a continuous extension to a quasilocal operatorHs(E)→ Hs−k(F )
for all s ∈ Z.
A smoothing operator A : H−∞ι (E)→ H∞(F ) will be called quasilocal, if A is quasilocal
as an operator H−k(E)→ H l(F ) for all k, l ∈ N0 (from which it follows that A is also
quasilocal for all k, l ∈ Z). 
If we regard a smoothing operator A as an operator L2(E)→ L2(F ), we get a uniquely
defined adjoint A∗ : L2(F )→ L2(E). Its integral kernel will be given by
kA∗(x, y) := kA(y, x)
∗ ∈ C∞b (E  F ∗),
where kA(y, x)∗ ∈ F ∗y ⊗ Ex is the dual element of kA(y, x) ∈ Fy ⊗ E∗x.
Definition 3.5 (cf. [Roe88, Definition 5.3]). We will denote the set of all quasilocal
smoothing operators A : H−∞ι (E)→ H∞(F ) with the property that their adjoint operator
A∗ is also a quasilocal smoothing operator H−∞ι (F )→ H∞(E) by U∗−∞(E,F ).
If E = F , we will just write U∗−∞(E). 
11A basis of neighbourhoods of zero for the topology of bounded convergence is given by the subsets
M(B,U) ⊂ B(H−∞ι (E), H∞(F )) of all operators T with T (B) ⊂ U , where B ranges over all bounded
subsets of H−∞ι (E) and U over a basis of neighbourhoods of zero in H∞(F ).
12Roe calls such operators “uniform operators of order k” in [Roe88, Definition 5.3]. But since the word
“uniform” will have another meaning for us (see, e.g., the definition of uniform K-homology), we
changed the name.
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Remark 3.6. Roe defines in [Roe88, Definition 5.3] the algebra U−∞(E) instead of
U∗−∞(E), i.e., he does not demand that the adjoint operator is also quasilocal smoothing.
The reason why we do this is that we want adjoints of uniform pseudodifferential operators
to be again uniform pseudodifferential operators (and the algebra U∗−∞(E) is used in the
definition of uniform pseudodifferential operators). 
4 Uniform pseudodifferential operators
Let Mm be an m-dimensional manifold of bounded geometry and let E and F be two
vector bundles of bounded geometry over M . Now we will get to the definition of uniform
pseudodifferential operators acting on sections of vector bundles of bounded geometry
over manifolds of bounded geometry.
Our definition is almost the same as the ones of Shubin [Shu92] and Kordyukov [Kor91].
The difference is that our definition is slightly more general, because we do not restrict
to finite propagation operators (since we allow the term P−∞ in the definition below).
The reason why we have to do this is because of our results in Section 7: we only get
quasi-local operators and not necessarily operators of finite propagation (in fact, the
main technical result is Lemma 7.1 stating that the wave operators are quasi-local), and
therefore we would leave our calculus of pseudodifferential operators if we would insist of
them having finite propagation. Most of the results stated in this section and in Section 6
are basically already known, resp., it is straight-forward to generalize the corresponding
statements in the finite propagation case to our quasi-local case. We nevertheless include
a discussion of these statements in order for our exposition here to be self-contained.
Definition 4.1. An operator P : C∞c (E) → C∞(F ) is a uniform pseudodifferential
operator of order k ∈ Z, if with respect to a uniformly locally finite covering {B2ε(xi)} of
M with normal coordinate balls and corresponding subordinate partition of unity {ϕi}
as in Lemma 2.4 we can write
P = P−∞ +
∑
i
Pi (4.1)
satisfying the following conditions:
• P−∞ ∈ U∗−∞(E,F ), i.e., it is a quasilocal smoothing operator,
• for all i the operator Pi is with respect to synchronous framings of E and F in
the ball B2ε(xi) a matrix of pseudodifferential operators on Rm of order k with
support13 in B2ε(0) ⊂ Rm, and
• the constants Cαβi appearing in the bounds
‖DαxDβξ pi(x, ξ)‖ ≤ Cαβi (1 + |ξ|)k−|β|
13An operator P is supported in a subset K, if suppPu ⊂ K for all u in the domain of P and if Pu = 0
whenever we have suppu ∩K = ∅.
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of the symbols of the operators Pi can be chosen to not depend on i, i.e., there are
Cαβ <∞ such that
Cαβi ≤ Cαβ (4.2)
for all multi-indices α, β and all i. We will call this the uniformity condition for
pseudodifferential operators on manifolds of bounded geometry.
We denote the set of all such operators by UΨDOk(E,F ). 
Remark 4.2. From Lemma 2.3 and Lemma 2.5 together with [LM89, Theorem III.§3.12]
(and its proof which gives the concrete formula how the symbol of a pseudodifferential
operator transforms under a coordinate change) we conclude that the above definition
of uniform pseudodifferential operators on manifolds of bounded geometry does neither
depend on the chosen uniformly locally finite covering of M by normal coordinate balls,
nor on the subordinate partition of unity with uniformly bounded derivatives, nor on the
synchronous framings of E and F . 
Remark 4.3. We could also have given an equivalent definition of uniform pseudodiffer-
ential operators, which does not need a choice of covering: firstly, for each ε > 0 there
should be a quasilocal smoothing operator Pε such that for any φ, ψ ∈ C∞c (M) with
d(suppφ, suppψ) > ε and any v ∈ C∞c (E) we have ψ ·P (φ·v) = ψ ·Pε(φ·v). This encodes
that the integral kernel of a uniform pseudodifferential operator P is off-diagonally a
quasilocal smoothing operator.
Secondly, to encode the behaviour of the integral kernel of P at its diagonal, we must
demand that in any normal coordinate chart of radius less than the injectivity radius
of the manifold with any choice of cut-off function for this coordinate chart and with
any choice of synchronous framings of E and F in this coordinate chart the operator
P looks like a pseudodifferential operator on Rm, and for the collection of all of these
local representatives of P computed with respect to cut-off functions that have common
bounds on their derivatives we have the Uniformity Condition (4.2). 
Remark 4.4. We consider only operators that would correspond to Hörmander’s class
Sk1,0(Ω), if we consider open subsets Ω of Rm instead of an m-dimensional manifoldM , i.e.,
we do not investigate operators corresponding to the more general classes Skρ,δ(Ω). The
paper [Hör67, Definition 2.1] is the one where Hörmander introduced these classes. 
Recall that in the case of compact manifolds a pseudodifferential operator P of order k
has an extension to a continuous operator Hs(E) → Hs−k(F ) for all s ∈ Z (see, e.g.,
[LM89, Theorem III.§3.17(i)]). Due to the uniform local finiteness of the sum in (4.1)
and due to the Uniformity Condition (4.2), this result does also hold in our case of a
manifold of bounded geometry.
Proposition 4.5. Let P ∈ UΨDOk(E,F ). Then P has for all s ∈ Z an extension to a
continuous operator P : Hs(E)→ Hs−k(F ).
Remark 4.6. Later we will need the following fact: we can bound the operator norm of
P : Hs(E)→ Hs−k(F ) from above by the maximum of the constants Cα0 with |α| ≤ Ks
11
from the Uniformity Condition (4.2) for P multiplied with a constant Cs, where Ks ∈ N0
and Cs only depend on s ∈ Z and the dimension of the manifold M . This can be seen
by carefully examining the proof of [LM89, Proposition III.§3.2] which is the above
proposition for the compact case.14 
Let us define
UΨDO−∞(E,F ) :=
⋂
k
UΨDOk(E,F ).
We will show UΨDO−∞(E,F ) = U∗−∞(E,F ): from the previous Proposition 4.5 we
conclude that P ∈ UΨDO−∞(E,F ) is a smoothing operator (using Lemma 3.2). Since
we can write P = P−∞ +
∑
i Pi, where P−∞ ∈ U∗−∞(E,F ) and the Pi are supported in
balls with uniformly bounded radii, the operator
∑
i Pi is of finite propagation. So P
is the sum of a quasilocal smoothing operator P−∞ and a smoothing operator
∑
i Pi of
finite propagation, and therefore a quasilocal smoothing operator. The same arguments
also apply to the adjoint P ∗ of P , so that in the end we can conclude P ∈ U∗−∞(E,F ),
i.e., we have shown UΨDO−∞(E,F ) ⊂ U∗−∞(E,F ).
Since the other inclusion does hold by definition, we get the claim.15
Lemma 4.7. UΨDO−∞(E,F ) = U∗−∞(E,F ).
One of the important properties of pseudodifferential operators on compact manifolds
is that the composition of an operator P ∈ UΨDOk(E,F ) and Q ∈ UΨDOl(F,G) is
again a pseudodifferential operator of order k + l: PQ ∈ UΨDOk+l(E,G). We can prove
this also in our setting by writing
PQ =
(
P−∞ +
∑
i
Pi
)(
Q−∞ +
∑
j
Qj
)
= P−∞Q−∞ +
∑
i
PiQ−∞ +
∑
j
P−∞Qj +
∑
i,j
PiQj
and then arguing as follows.
• The first summand is an element of U∗−∞(E,G): in [Roe88, Proposition 5.2] it was
shown that the composition of two quasilocal operators is again quasilocal and it is
clear that composing smoothing operators again gives smoothing operators, resp. it
is easy to see that composing two operators which may be approximated by finite
propagation operators again gives such an operator.
• The second and third summands are from U∗−∞(E,G) due to Proposition 4.5 and
since the sums are uniformly locally finite, the operators Pi and Qj are supported
in coordinate balls of uniform radii (i.e., have finite propagation which is uniformly
bounded from above) and their operator norms are uniformly bounded due to the
uniformity condition in the definition of pseudodifferential operators.
14To be utterly concrete, we have to choose normal coordinate charts and a subordinate partition of
unity as in Lemma 2.4 and also synchronous framings for E and F and then use Formula (2.2) which
gives Sobolev norms that can be computed locally and that are equivalent to the global norms (2.1).
15Of course, our definition of pseudodifferential operators was arranged such that this lemma holds.
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• The last summand is a uniformly locally finite sum of pseudodifferential operators
of order k + l (here we use the corresponding result for compact manifolds) and
to see the Uniformity Condition (4.2) we use [LM89, Theorem III.§3.10]: it states
that the symbol of PiQj has formal development
∑
α
i|α|
α!
(Dαξ pi)(D
α
xqj). So we may
deduce the uniformity condition for PiQj from the one for Pi and for Qj.
Other properties that immediately generalize from the compact to the bounded ge-
ometry case is firstly, that the commutator of two uniform pseudodifferential operators
whose symbols commute (Definition 6.1) is of one order lower than it should a priori
be, and secondly, that multiplication with a function f ∈ C∞b (M) defines a uniform
pseudodifferential operator of order 0.
So we have the following important proposition:
Proposition 4.8. UΨDO∗(E) is a filtered ∗-algebra, i.e., for all k, l ∈ Z we have
UΨDOk(E) ◦ UΨDOl(E) ⊂ UΨDOk+l(E),
and so UΨDO−∞(E) is a two-sided ∗-ideal in UΨDO∗(E).
Furthermore, we have [P,Q] ∈ UΨDOk+l−1(E) for P ∈ UΨDOk(E), Q ∈ UΨDOl(E),
k, l ∈ Z, provided the symbols of P and Q commute.
Moreover, multiplication with a function f ∈ C∞b (M) defines a uniform pseudodiffer-
ential operator of order 0 whose symbol commutes with any other symbol.
The last property that generalizes to our setting and that we want to mention is the
following (the proof of [LM89, Theorem III.§3.9] generalizes directly):
Proposition 4.9. Let P ∈ UΨDOk(E,F ) be a uniform pseudodifferential operator of
arbitrary order and let u ∈ Hs(E) for some s ∈ Z.
Then, if u is smooth on some open subset U ⊂M , Pu is also smooth on U .
5 Uniformity of operators of non-positive order
Now we get to the important statement that the uniform pseudodifferential operators
we have defined are, in fact, “uniform” in the meaning to be defined now (the discussion
here is strongly related to the fact that symmetric and elliptic uniform pseudodifferential
operators will define uniform K-homology classes).
Let T ∈ K(L2(E)) be a compact operator. We know that T is the limit of finite rank
operators, i.e., for every ε > 0 there is a finite rank operator k such that ‖T − k‖ < ε.
Now given a collection A ⊂ K(L2(E)) of compact operators, it may happen that for every
ε > 0 the rank needed to approximate an operator from A may be bounded from above
by a common bound for all operators. This is formalized in the following definition.
Definition 5.1 (Uniformly approximable collections of operators). A collection of oper-
ators A ⊂ K(L2(E)) is said to be uniformly approximable, if for every ε > 0 there is an
N > 0 such that for every T ∈ A there is a rank-N operator k with ‖T − k‖ < ε. 
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Examples 5.2. Every collection of finite rank operators with uniformly bounded rank
is uniformly approximable.
Furthermore, every finite collection of compact operators is uniformly approximable
and so also every totally bounded subset of K(L2(E)).
The converse is in general false since a uniformly approximable family need not be
bounded (take infinitely many rank-1 operators with operator norms going to infinity).
Even if we assume that the uniformly approximable family is bounded we do not
necessarily get a totally bounded set: let (ei)i∈N be an orthonormal basis of L2(E) and
Pi the orthogonal projection onto the 1-dimensional subspace spanned by the vector ei.
Then the collection {Pi} ⊂ K(L2(E)) is uniformly approximable (since all operators are
of rank 1) but not totally bounded (since ‖Pi − Pj‖ = 1 for i 6= j)16. 
Let us define
L-LipR(M) := {f ∈ Cc(M) | f is L-Lipschitz, diam(supp f) ≤ R and ‖f‖∞ ≤ 1}.
Definition 5.3 ([Špa09, Definition 2.3]). Let T ∈ B(L2(E)). We say that T is uniformly
locally compact, if for every R,L > 0 the collection
{fT, Tf | f ∈ L-LipR(M)}
is uniformly approximable.
We say that T is uniformly pseudolocal, if for every R,L > 0 the collection
{[T, f ] | f ∈ L-LipR(M)}
is uniformly approximable. 
We will now show that uniform pseudodifferential operators of negative order are
uniformly locally compact and that uniform pseudodifferential operators of order 0 are
uniformly pseudolocal. We will start with the operators of negative order.
Proposition 5.4. Let A ∈ B(L2(E)) be a finite propagation operator of negative order
k < 017 such that its adjoint operator A∗ also has finite propagation and is of negative
order k′ < 0. Then A is uniformly locally compact. Even more, the collection
{fT, Tf | f ∈ BR(M)}
is uniformly approximable for every R > 0, where BR(M) consists of all bounded Borel
functions h on M with diam(supph) ≤ R and ‖h‖∞ ≤ 1.
16Another way to see that {Pi} is not totally bounded is to use the characterization of totally bounded
subsets of K(H) from [AP68, Theorem 3.5]: a family A ⊂ K(H) is totally bounded if and only if
both A and A∗ are collectively compact, i.e., the sets {Tv | T ∈ A, v ∈ H with ‖v‖ = 1} ⊂ H and
{T ∗v | T ∈ A, v ∈ H with ‖v‖ = 1} ⊂ H have compact closure.
17See Definition 3.4. Note that we do not assume that A is a pseudodifferential operator.
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Proof. Let f ∈ BR(M), K := supp f ⊂M and r be the propagation of A. The operator
χAf = Af , where χ is the characteristic function of Br(K), factores as
L2(E)
·f−→ L2(E|K) χ·A−→ H−k(E|Br(K)) ↪→ L2(E|Br(K))→ L2(E).
The following properties hold:
• multiplication with f has operator norm ≤ 1, since ‖f‖∞ ≤ 1, and analogously for
the multiplication with χ,
• the norm of χ · A : L2(E|K)→ H−k(E|Br(K)) can be bounded from above by the
norm of A : L2(E)→ H−k(E) (i.e., the upper bound does not depend on K nor r),
• the inclusion H−k(E|Br(K)) ↪→ L2(E|Br(K)) is compact (due to the Theorem of
Rellich–Kondrachov) and this compactness is uniform, i.e., its approximability by
finite rank operators18 depends only on R (the upper bound for the diameter of
supp f) and r, but not on K (this uniformity is due to the bounded geometry of
M and of the bundles E and F ), and
• the inclusion L2(E|Br(K))→ L2(E) is of norm ≤ 1.
From this we conclude that the operator χAf = Af is compact and this compactness is
uniform, i.e., its approximability by finite rank operators depends only on R and r. So
we can conclude that {Af | f ∈ BR(M)} is uniformly approximable.
Applying the same reasoning to the adjoint operator,19 we conclude that A is uniformly
locally compact.
Using an approximation argument20 we may also show the following corollary:
Corollary 5.5. Let A be a quasilocal operator of negative order and let the same hold
true for its adjoint A∗. Then A is uniformly locally compact; in fact, it even satisfies the
stronger condition from the above Proposition 5.4.
Proof. We have to show that {Af | f ∈ BR(M)} is uniformly approximable. Let ε > 0
be given and let rε be such that µA(r) < ε for all r ≥ rε, where µA is the dominating
function of A. Then χBrε (supp f)Af is ε-away from Af and the same reasoning as in the
proof of the above Proposition 5.4 shows that the approximability (up to an error of ε) of
χBrε (supp f)Af does only depend on R and rε. From this the claim that {Af | f ∈ BR(M)}
is uniformly approximable follows.
Using the adjoint operator and the same arguments for it, we conclude that A is
uniformly locally compact.
18Here we mean the existence of an upper bound on the rank needed to approximate the operator by
finite rank operators, given an ε > 0.
19By assumption the adjoint operator also has finite propagation and is of negative order. So we conclude
that {A∗f | f ∈ BR(M)} is uniformly approximable. But a collection A of compact operators is
uniformly approximable if and only if the adjoint family A∗ is uniformly approximable. So we get
that {(A∗f)∗ = fA | f ∈ BR(M)} is uniformly approximable.
20Note that we will not approximate the quasilocal operator A itself by finite propagation operators in
this argument. In fact, it is an open problem whether quasilocal operators may be approximated by
finite propagation operators; see Section 10.
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Corollary 5.6. Let P ∈ UΨDOk(E) be a uniform pseudodifferential operator of negative
order k < 0. Then P is uniformly locally compact.
Let us now get to the case of uniform pseudodifferential operators of order 0, where
we want to show that such operators are uniformly pseudolocal.
Recall the following fact for compact manifolds: T is pseudolocal21 if and only if fTg
is a compact operator for all f, g ∈ C(M) with disjoint supports. This observation is
due to Kasparov and a proof might be found in, e.g., [HR00, Proposition 5.4.7]. We
can add another equivalent characterization which is basically also proved in the cited
proposition: an operator T is pseudolocal if and only if fTg is a compact operator for
all bounded Borel functions f and g on M with disjoint supports.
We have analogous equivalent characterizations for uniformly pseudolocal operators,
which we will state in the following lemma. The proof of it is similar to the compact
case (and uses the fact that the subset of all uniformly pseudolocal operators is closed in
operator norm, which is proved in [Špa09, Lemma 4.2]). Furthermore, in order to prove
that the Points 4 and 5 in the statement of the next lemma are equivalent to the other
points we need the bounded geometry of M . For the convenience of the reader we will
give a full proof of the lemma.
Let us introduce the notions Bb(M) for all bounded Borel functions on M and BR(M)
for its subset consisting of all function h with diam(supph) ≤ R and ‖h‖∞ ≤ 1.
Lemma 5.7. The following are equivalent for an operator T ∈ B(L2(E)):
1. T is uniformly pseudolocal,
2. for all R,L > 0 the following collection is uniformly approximable:
{fTg, gTf | f ∈ Bb(M), ‖f‖∞ ≤ 1, g ∈ L-LipR(M), supp f ∩ supp g = ∅},
3. for all R,L > 0 the following collection is uniformly approximable:
{fTg, gTf | f ∈ Bb(M), ‖f‖∞ ≤ 1, g ∈ BR(M), d(supp f, supp g) ≥ L},
4. for every L > 0 there is a sequence (Lj)j∈N of positive numbers (not depending on
the operator T ) such that
{fTg, gTf | f ∈ Bb(M) with ‖f‖∞ ≤ 1,
g ∈ BR(M) ∩ C∞b (M) with ‖∇jg‖∞ ≤ Lj, and
supp f ∩ supp g = ∅}
is uniformly approximable for all R,L > 0.
5. for every L > 0 there is a sequence (Lj)j∈N of positive numbers (not depending on
the operator T ) such that
{[T, g] | g ∈ BR(M) ∩ C∞b (M) with ‖∇jg‖∞ ≤ Lj}
is uniformly approximable for all R,L > 0.
21That is to say, [T, f ] is a compact operator for all f ∈ Cc(M).
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Proof. 1 ⇒ 2: Let f ∈ Bb(M) with ‖f‖∞ ≤ 1 and g ∈ L-LipR(M) have disjoint
supports, i.e., supp f ∩ supp g = ∅. From the latter we conclude fTg = f [T, g], from
which the claim follows (because T is uniformly pseudolocal and because the operator
norm of multiplication with f is ≤ 1). Of course such an argument also works with the
roles of f and g changed.
2⇒ 3: Let f ∈ Bb(M) with ‖f‖∞ ≤ 1 and g ∈ BR(M) with d(supp f, supp g) ≥ L.
We define g′(x) := max
(
0, 1− 1/L · d(x, supp g)) ∈ 1/L-LipR+2L(M). Since g′g = g, the
claim follows from writing fTg = fTg′g and because multiplication with g has operator
norm ≤ 1, and we of course also may change the roles of f and g.
3 ⇒ 1: Let f ∈ L-LipR(M). For given ε > 0 we partition the range of f into a
sequence of non-overlapping half-open intervals U1, . . . , Un, each having diameter less than
ε, such that Ui intersects Uj if and only if |i− j| ≤ 1. Denoting by χi the characteristic
function of f−1(Ui), we get that χi ∈ BR(M) if 0 /∈ Ui, since the support of f has
diameter less than or equal to R, and furthermore d(suppχi, suppχj) ≥ εL if |i− j| > 1,
since f is L-Lipschitz.
By Point 3 we have that the collections {χiTχj, χjTχi} are uniformly approximable
for all i, j with |i − j| > 1. Choosing points x1, . . . , xn from f−1(U1), . . . , f−1(Un) and
defining f ′ := f(x1)χ1 + · · · + f(xn)χn, we get ‖f − f ′‖∞ < ε. The operator [T, f ] is
2ε‖T‖-away from [T, f ′], and since χ1 + · · ·+ χn = 1 we have
Tf ′ − f ′T =
∑
i,j
χjTf(xi)χi − f(xj)χjTχi.
Since we already know that {χiTχj, χjTχi} are uniformly approximable for all i, j with
|i− j| > 1, it remains to treat the sum (note that the summand for i = j is zero)∑
|i−j|=1
χjTf(xi)χi − f(xj)χjTχi =
∑
|i−j|=1
(
f(xi)− f(xj)
)
χjTχi.
We split the sum into two parts, one where i = j + 1 and the other one where i = j − 1.
The first part takes the form∑
j
(
f(xj+1)− f(xj)
)
χjTχj+1,
i.e., is a direct sum of operators from χj+1 · L2(E) to χj · L2(E). Therefore its norm
is the maximum of the norms of its summands. But the latter are ≤ 2ε‖T‖ since
|f(xj+1) − f(xj)| ≤ 2ε. We treat the second part of the sum in the above display the
same way and conclude that the sum in the above display is in norm ≤ 4εT . Putting
it all together it follows that T is the operator norm limit of uniformly pseudolocal
operators, from which it follows that T itself is uniformly pseudolocal (it is proved in
[Špa09, Lemma 4.2] that the uniformly pseudolocal operators are closed in operator norm,
as are also the uniformly locally compact ones).
2⇒ 4: Clear. We have to set L1 := L and the other values Lj≥2 do not matter (i.e.,
may be set to something arbitrary).
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4⇒ 3: This is similar to the proof of 2⇒ 3, but we have to smooth the function g′
constructed there. Let us make this concrete, i.e., let f ∈ Bb(M) with ‖f‖∞ ≤ 1 and
g ∈ BR(M) with d(supp f, supp g) ≥ L be given. We define
g′(x) := max
(
0, 1− 2/L · d(x,BL/4(supp g))
) ∈ 2/L-LipR+3L/2(M).
Note that g′ ≡ 1 on BL/4(supp g) and g′ ≡ 0 outside B3L/4(supp g). We cover M by
normal coordinate charts and choose a “nice” subordinate partition of unity ϕi as in
Lemma 2.4. If ψ is now a mollifier on Rm supported in BL/8(0), we apply it in every
normal coordinate chart to ϕig′ and reassemble then all the mollified parts of g′ again to
a (now smooth) function g′′ on M . This function g′′ is now supported in B7L/8(supp g),
and is constantly 1 on BL/8(supp g). So fTg = fTg′′g from which we may conclude
the uniform approximability of the collection {fTg} for f and g satisfying f ∈ Bb(M)
with ‖f‖∞ ≤ 1 and g ∈ BR(M) with d(supp f, supp g) ≥ L. Note that the constants
Lj appearing in ‖∇jg′′‖∞ ≤ Lj depend on L, ϕi and ψ, but not on f , g or R. The
dependence on ϕi and ψ is ok, since we may just fix a particular choice of them (note
that the choice of ψ also depends on L), and the dependence on L is explicitly stated in
the claim.
Of course we may also change the roles of f and g in this argument.
5⇒ 4: Clear. We just have to write fTg = f [T, g] and analogously for gTf .
1⇒ 5: Clear.
With the above lemma at our disposal we may now prove the following proposition.
Proposition 5.8. Let P ∈ UΨDO0(E). Then P is uniformly pseudolocal.
Proof. Writing P = P−∞+
∑
i Pi with P−∞ ∈ U∗−∞(E), we may without loss of generality
assume that P has finite propagation R′ (since P−∞ is uniformly locally compact by the
above Corollary 5.5 and uniformly locally compact operators are uniformly pseudolocal).
We will use the equivalent characterization in Point 4 of the above lemma: let R,L > 0
and the corresponding sequence (Lj)j∈N be given. We have to show that
{fPg, gPf | f ∈ Bb(M) with ‖f‖∞ ≤ 1,
g ∈ BR(M) ∩ C∞b (M) with ‖∇jg‖∞ ≤ Lj, and
supp f ∩ supp g = ∅}
is uniformly approximable for all R,L > 0.
We have
fPg = fχBR′ (supp g)Pg = fχBR′ (supp g)[P, g]
since the supports of f and g are disjoint.
With Proposition 4.8 we conclude that multiplication with g is a uniform pseudodif-
ferential operator of order 0 (since g ∈ C∞b (M)) and furthermore, that the commutator
[P, g] is a pseudodifferential operator of order −1. Therefore, by Corollary 5.6, we know
that the set {fχBR′ (supp g)[P, g] | f ∈ BR(M)} is uniformly approximable. So we conclude
that our operators f [P, g] have the needed uniformity in the functions f .
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It remains to show that we also have the needed uniformity in the functions g. Writing
P =
∑
i Pi
22, we get [P, g] =
∑
i[Pi, g]. Now each [Pi, g] is a uniform pseudodifferential
operator of order −1, their supports23 depend only on the propagation of P and on the
value of R (but not on i nor on the concrete choice of g) and their operator norms as
maps L2(E)→ H1(E) are bounded from above by a constant that only depends on P ,
on R and on the values of all the Lj (but again, neither on i nor on g). The last fact
follows from a combination of Remark 4.6 together with the estimates on the symbols of
the [Pi, g] that we get from the proof that they are uniform pseudodifferential operators
of order −1. So examining the proof of Proposition 5.4 more closely, we see that these
properties suffice to conclude the needed uniformity of f [P, g] in the functions g.
The operators gPf may be treated analogously.
6 Elliptic operators
In this section we will define the notion of ellipticity24 for uniform pseudodifferential
operators and discuss important consequences of it (elliptic regularity, fundamental
elliptic estimates and essential self-adjointness). Most of the results are already known
and can be found in the literature (at least in the case of finite propagation operators).
We nevertheless include a discussion of them so that our exposition here is self-contained.
Let pi∗E and pi∗F denote the pull-back bundles of E and F to the cotangent bundle
pi : T ∗M →M of the m-dimensional manifold M .
Definition 6.1 (Symbols). Let p be a section of the bundle Hom(pi∗E, pi∗F ) over T ∗M .
We call p a symbol of order k ∈ Z, if the following holds: choosing a uniformly locally finite
covering {B2ε(xi)} of M through normal coordinate balls and corresponding subordinate
partition of unity {ϕi} as in Lemma 2.4, and choosing synchronous framings of E and F
in these balls B2ε(xi), we can write p as a uniformly locally finite sum p =
∑
i pi, where
pi(x, ξ) := p(x, ξ)ϕ(x) for x ∈M and ξ ∈ T ∗xM , and interpret each pi as a matrix-valued
function on B2ε(xi)×Cm. Then for all multi-indices α and β there must exist a constant
Cαβ <∞ such that for all i and all x, ξ we have
‖DαxDβξ pi(x, ξ)‖ ≤ Cαβ(1 + |ξ|)k−|β|. (6.1)
We denote the vector space all symbols of order k ∈ Z by Symbk(E,F ). 
From Lemma 2.3 and Lemma 2.5 we conclude that the above definition of symbols
does neither depend on the chosen uniformly locally finite covering of M through normal
coordinate balls, nor on the subordinate partition of unity (as long as the functions {ϕi}
have uniformly bounded derivatives), nor on the synchronous framings of E and F .
22Recall that we assumed without loss of generality that there is no P−∞.
23Recall that an operator P is supported in a subset K, if suppPu ⊂ K for all u in the domain of P
and if Pu = 0 whenever we have suppu ∩K = ∅.
24It is actually uniform ellipticity that we define here. But since non-uniform ellipticity is not a natural
notion for uniform pseudodifferential operators, we just call it ellipticity what we define.
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If all the choices above are fixed, we immediately see from the definition of uniform
pseudodifferential operators that P ∈ UΨDOk(E,F ) has a symbol p ∈ Symbk(E,F ).
Analogously as in the case of compact manifolds,25 we may show that if we make other
choices for the coordinate charts, subordinate partition of unity and synchronous framings,
the symbol p of P changes by an element of Symbk−1(E,F ). So P has a well-defined
principal symbol class [p] ∈ Symbk(E,F )/ Symbk−1(E,F ) =: Symbk−[1](E,F ).
Definition 6.2 (Elliptic symbols). Let p ∈ Symbk(E,F ). Recall that p is a section of
the bundle Hom(pi∗E, pi∗F ) over T ∗M . We will call p elliptic, if there is an R > 0 such
that p||ξ|>R26 is invertible and this inverse p−1 satisfies the Inequality (6.1) for α, β = 0
and order −k (and of course only for |ξ| > R since only there the inverse is defined).
Note that as in the compact case it follows that p−1 satisfies the Inequality (6.1) for all
multi-indices α, β. 
The proof of the following lemma is straight-forward.
Lemma 6.3. If p ∈ Symbk(E,F ) is elliptic, then every other representative p′ of the
class [p] ∈ Symbk−[1](E,F ) is also elliptic.
Due to the above lemma we are now able to define what it means for a pseudodifferential
operator to be elliptic:
Definition 6.4 (Elliptic UΨDOs). Let P ∈ UΨDOk(E,F ). We will call P elliptic, if its
principal symbol σ(P ) is elliptic. 
The importance of elliptic operators lies in the fact that they admit an inverse modulo
operators of order −∞. We may prove this analogously as in the case of pseudodifferential
operators defined over a compact manifold. See also [Kor91, Theorem 3.3] where Ko-
rdyukov proves the existence of parametrices for his class of pseudodifferential operators
(which coincides with our class with the additional requirement that the operators must
have finite propagation).
Theorem 6.5 (Existence of parametrices). Let P ∈ UΨDOk(E,F ) be elliptic.
Then there exists an operator Q ∈ UΨDO−k(F,E) such that
PQ = id−S1 and QP = id−S2,
where S1 ∈ UΨDO−∞(F ) and S2 ∈ UΨDO−∞(E).
Using parametrices, we can prove a lot of the important properties of elliptic operators,
e.g., elliptic regularity (which is a converse to Proposition 4.9 and a proof of it may be
found in, e.g. [LM89, Theorem III.§4.5]):
25see, e.g., [LM89, Theorem III.§3.19]
26This notation means the following: we restrict p to the bundle Hom(pi∗E, pi∗F ) over the space
{(x, ξ) ∈ T ∗M | |ξ| > R} ⊂ T ∗M .
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Theorem 6.6 (Elliptic regularity). Let P ∈ UΨDOk(E,F ) be elliptic and let furthermore
u ∈ Hs(E) for some s ∈ Z.
Then, if Pu is smooth on an open subset U ⊂M , u is already smooth on U . Further-
more, for k > 0: if Pu = λu on U for some λ ∈ C, then u is smooth on U .
Later we will also need the following fundamental elliptic estimate (the proof from
[LM89, Theorem III.§5.2(iii)] generalizes directly):
Theorem 6.7 (Fundamental elliptic estimate). Let P ∈ UΨDOk(E,F ) be elliptic. Then
for each s ∈ Z there is a constant Cs > 0 such that
‖u‖Hs(E) ≤ Cs
(‖u‖Hs−k(E) + ‖Pu‖Hs−k(F ))
for all u ∈ Hs(E).
Another implication of ellipticity is that symmetric27, elliptic uniform pseudodifferential
operators of positive order are essentially self-adjoint28. We need this since we will have
to consider functions of uniform pseudodifferential operators. But first we will show that
a symmetric and elliptic operator is also symmetric as an operator on Sobolev spaces.
Lemma 6.8. Let P ∈ UΨDOk(E) with k ≥ 1 be symmetric on L2(E) and elliptic. Then
P is also symmetric on the Sobolev spaces H lk(E) for l ∈ Z, where we use on H lk(E)
the scalar product as described in the proof.
Proof. Due to the fundamental elliptic estimate the norm ‖u‖H0 + ‖Pu‖H0 (note that
H0(E) = L2(E) by definition) on Hk(E) is equivalent to the usual29 norm ‖u‖Hk on
it. Now ‖u‖H0 + ‖Pu‖H0 is equivalent to
(‖u‖2H0 + ‖Pu‖2H0)1/2 which is induced by the
scalar product
〈u, v〉Hk,P := 〈u, v〉H0 + 〈Pu, Pv〉H0 .
Since P is symmetric for the H0-scalar product, we immediately see that it is also
symmetric for this particular scalar product 〈−,−〉Hk,P on Hk(E).
To extend to the Sobolev spaces H lk(E) for l > 0 we repeatedly invoke the above
arguments, e.g., on H2k(E) we have the equivalent norm
(‖u‖2
Hk,P
+ ‖Pu‖2
Hk,P
)1/2
(again due to the fundamental elliptic estimate) which is induced by the scalar product
〈u, v〉Hk,P + 〈Pu, Pv〉Hk,P and now we may use that we already know that P is symmetric
with respect to 〈−,−〉Hk,P .
Finally, for H lk(E) for l < 0 we use the fact that they are the dual spaces to H−lk(E)
where we know that P is symmetric, i.e., we equip H lk(E) for l < 0 with the scalar
product induced from the duality: 〈u, v〉Hlk,P := 〈u′, v′〉H−lk,P , where u′, v′ ∈ H−lk(E)
are the dual vectors to u, v ∈ H lk(E) (note that the induced norm on H lk(E) is exactly
the operator norm if we regard H lk(E) as the dual space of H−lk(E)).
27This means that we have 〈Pu, v〉L2(E) = 〈u, Pv〉L2(E) for all u, v ∈ C∞c (E).
28Recall that a symmetric, unbounded operator is called essentially self-adjoint, if its closure is a
self-adjoint operator.
29We have of course possible choices here, e.g., the global norm (2.1) or the local definition (2.2), but
they are all equivalent to each other since M and E have bounded geometry.
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Now we get to the proof that elliptic and symmetric operators are essentially self-adjoint.
Note that if we work with differential operators D of first order on open manifolds we
do not need ellipticity for this result to hold, but weaker conditions suffice, e.g., that
the symbol σD of D satisfies supx∈M,‖ξ‖=1 ‖σD(x, ξ)‖ <∞ (by the way, this condition is
incorporated in our definition of uniform pseudodifferential operators by the uniformity
condition). But if we want essential self-adjointness of higher order operators, we have
to assume stronger conditions (see the counterexample [Tau10]).
Note that the following proposition is well-known in the case l = 0, see Shubin [Shu92].
But for us it will be of crucial importance in the next Subsection 7 (see the proof of
Lemma 7.1) that we also have the statement for all the other cases l 6= 0. Furthermore,
note that in order for the next proposition to make sense at all we have to invoke the
above Lemma 6.8.
Proposition 6.9 (Essential self-adjointness). Let P ∈ UΨDOk(E) with k ≥ 1 be elliptic
and symmetric. Then the unbounded operator P : H lk(E)→ H lk(E) is essentially self-
adjoint for all l ∈ Z, where we equip these Sobolev spaces with the scalar products as
described in the proof of the above Lemma 6.8.
Proof. This proof is an adapted version of the proof of this statement for compact
manifolds from [Tau10].
We will use the following sufficient condition for essential self-adjointness: if we have a
symmetric and densely defined operator T such that ker(T ∗ ± i) = {0}, then the closure
T of T is self-adjoint and is the unique self-adjoint extension of T .
So let u ∈ ker(P ∗ ± i) ⊂ H lk(E), i.e., P ∗u = ±iu. From elliptic regularity we get
that u is smooth and using the fundamental elliptic estimate for P ∗30 we can then
conclude ‖u‖Hk+lk ≤ Ck+lk
(‖u‖Hlk + ‖P ∗u‖Hlk) = 2Ck+lk‖u‖Hlk <∞, i.e., u ∈ Hk+lk(E).
Repeating this argument gives us u ∈ H∞(E), i.e., u lies in the domain of P itself and is
therefore an eigenvector of it to the eigenvalue ±i. But since P is symmetric we must
have u = 0. This shows ker(P ∗ ± i) = {0} and therefore P is essentially self-adjoint.
7 Functions of symmetric, elliptic operators
Let P ∈ UΨDOk(E) be a symmetric and elliptic uniform pseudodifferential operator of
positive order k ≥ 1. By Proposition 6.9 we know that P : L2(E)→ L2(E) is essentially
self-adjoint. So, if f is a Borel function defined on the spectrum of P , the operator f(P )
is defined by the functional calculus. In this whole section P will denote such an operator,
i.e., a symmetric and elliptic one of positive order.
Given such a uniform pseudodifferential operator P , we will later show that it defines
naturally a class in uniform K-homology. For this we will have to consider χ(P ), where
χ is a so-called normalizing function, and we will have to show that χ(P ) is uniformly
pseudolocal and χ(P )2−1 is uniformly locally compact. For this we will need the analysis
done in this section.
30Note that P ∗ is elliptic if and only if P is.
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If f is a Schwartz function, we have the formula f(P ) = 1√
2pi
∫
R fˆ(t)e
itPdt, where fˆ is
the Fourier transform of f . In the case that P = D is an elliptic, first-order differential
operator and its symbol satisfies supx∈M,‖ξ‖=1 ‖σD(x, ξ)‖ < ∞, the operator eitD has
finite propagation (a proof of this may be found in, e.g., [HR00, Proposition 10.3.1]) from
which (exploiting the above formula for f(D)) we may deduce the needed properties of
χ(P ) and χ(P )2−1. But this is no longer the case for a general elliptic pseudodifferential
operator P and therefore the analysis that we have to do here in this general case is
much more sophisticated.
Note that the restriction to operators of order k ≥ 1 in this section is no restriction on
the fact that symmetric and elliptic uniform pseudodifferential operators define uniform
K-homology classes. In fact, if P has order k ≤ 0, then we know from Proposition 5.8
that P is uniformly pseudolocal, i.e., there is no need to form the expression χ(P ) in
order for P to define a uniform K-homology class.
We start with the following crucial technical lemma which is a generalization of the
fact that eitD has finite propagation to pseudodifferential operators. Note that we do not
have to assume something like supx∈M,‖ξ‖=1 ‖σD(x, ξ)‖ <∞ that we had to for first-order
differential operators, since such an assumption is subsumed in the uniformity condition
that we have in the definition of pseudodifferential operators.
Lemma 7.1. Let P ∈ UΨDOk≥1(E) be symmetric and elliptic. Then the operator eitP
is a quasilocal operator H l(E)→ H l−(k−1)(E) for all l ∈ R and t ∈ R.
Proof. This proof is inspired by the proof of [MM13, Theorem 3.1].
We will need the following two facts:
1. ‖eitP‖l,l = 1 for all l ∈ R, where ‖ − ‖l,l denotes the operator norm of operators
H l(E)→ H l(E) and
2. there exists κ > 0 such that ‖[η, P ]‖s,s−(k−1) ≤ κ ·
∑N
j=1 ‖∇jη‖∞ for all smooth
η ∈ C∞b (M), where N does not depend on η.
The first point above holds since eitP is a unitary operator H lk(E) → H lk(E) with
l ∈ Z by using Proposition 6.9, and by interpolation between the different Sobolev
exponents we get the needed norm estimate on any H l(E) with l ∈ R, i.e., not only for
integer multiples of k.
The second point above is due to the facts that by Proposition 4.8 the commutator
[η, P ] is a pseudodifferential operator of order k − 1 (recall that smooth functions with
bounded derivatives are operators of order 0) and due to Remark 4.6 (where we have to
recall the formula how to compute the symbol of the composition of two pseudodifferential
operators from, e.g., [LM89, Theorem III.§3.10]).
Let L ⊂ M and let u ∈ H l(E) be supported within L. Furthermore, we choose an
R > 0 and a smooth, real-valued function η with η ≡ 1 on L, η ≡ 0 on M −BR+1(L) and
the first N derivatives of η (for N as above) bounded from above by C/R for a constant
C which does not depend on u, L,R, η. Concretely, one can construct η by mollifying
the function η0(x) := max
{
0, 1 − d(x,B1/2(L))/R
}
with a uniform collection of local
mollifiers that are supported in balls of radius less than 1/2 and with midpoints in the
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region BR+1/2(L) − B1/2(L). If we denote a local mollifier by ψ, then we have for the
Lipschitz constant the estimate
Lip
(
Dα(η0 ∗ ψ)
)
= Lip(η0 ∗Dαψ) ≤ Lip(η0) · ‖Dαψ‖L1 = 1/R · ‖Dαψ‖L1
from which the needed property on the derivatives of η follows. Note that we only need
to do this proof for large R, i.e., we do the arguments here only for R bigger than, say,
the injectivity radius of M . This means that the derivatives of the local mollifiers that
we use do not explode since there is now a lower bound on the size of the coordinate
charts in which we apply our mollifiers.
For all v ∈ H l−(k−1)(E) that are supported in M −BR+1(L) we have
〈eitPu, v〉Hl−(k−1) = 〈eitPηu, v〉Hl−(k−1) − 〈eitPu, ηv〉Hl−(k−1)
= 〈[eitP , η]u, v〉Hl−(k−1) ,
i.e., |〈eitPu, v〉Hl−(k−1) | ≤ ‖[eitP , η]‖l,l−(k−1) · ‖u‖Hl · ‖v‖Hl−(k−1) and it remains to give an
estimate for ‖[eitP , η]‖l,l−(k−1): we have (the expressions are to be considered point-wise,
i.e., after application to a fixed vector v)
[eitP , η] =
∫ 1
0
d
dx
(
eixtPηei(1−x)tP
)
dx
= −it
∫ 1
0
eixtP [η, P ]ei(1−x)tPdx
which gives by factorizing the integrand as
H l(E)
ei(1−x)tP−→ H l(E) [η,P ]−→ H l−(k−1)(E) eixtP−→ H l−(k−1)(E)
the estimate
‖[eitP , η]‖l,l−(k−1) ≤ |t|
∫ 1
0
‖[η, P ]‖l,l−(k−1)dx ≤ |t| · κ ·
N∑
j=1
‖∇jη‖∞.
Since ‖∇jη‖∞ < C/R for all 1 ≤ j ≤ N , we have shown
|〈eitPu, v〉Hl−(k−1)| <
|t|κNC
R
· ‖u‖Hl · ‖v‖Hl−(k−1) (7.1)
for all u supported in L and all v in M − BR+1(L). Because R > 0 and l ∈ R, t ∈ R
were arbitrary, the claim that eitP is a quasilocal operator H l(E)→ H l−(k−1)(E) for all
l ∈ R and t ∈ R follows.
Corollary 7.2 (cf. [Tay81, Lemma 1.1 in Chapter XII.§1]). Let q(t) be a function on
R such that for an n ∈ N0 the functions q(t)|t|, q′(t)|t|, . . ., q(n)(t)|t| are integrable, i.e.,
belong to L1(R).
Then the operator defined by
∫
R q(t)e
itPdt is for all values l ∈ R a quasilocal operator
H l−nk+k−1(E)→ H l(E), i.e., is of order −nk + k − 1.
24
Proof. Let Q ∈ UΨDO−k(E) be a parametrix for P , i.e., PQ = id−S1 and QP = id−S2,
where S1, S2 ∈ UΨDO−∞(E). Integration by parts n times yields:
(iQ)n
∫
R
q(n)(t)eitPdt = (iQ)n(−iP )n
∫
R
q(t)eitPdt = (id−S2)n
∫
R
q(t)eitPdt. (7.2)
Since q(t)|t| and q(n)(t)|t| are integrable and due to the Estimate (7.1), we conclude
with Lemma 7.1 that both integrals
∫
R q(t)e
itPdt and
∫
R q
(n)(t)eitPdt define quasilocal
operators of order k − 1 on H l(E). Note that for ∫R q(t)eitPdt this is just a first result
which we will need now in order to show that the order of this operator is in fact lower.
Now (id−S2)n = id +
∑n
j=1
(
n
j
)
(−S2)j and the sum is a quasilocal smoothing operator
because S2 is one. Since the composition of quasilocal operators is again a quasilocal
operator (see [Roe88, Proposition 5.2]), we conclude that the second summand R of
(id−S2)n
∫
R
q(t)eitPdt =
∫
R
q(t)eitPdt+
n∑
j=1
(
n
j
)
(−S2)j
∫
R
q(t)eitPdt︸ ︷︷ ︸
=:R
(7.3)
is also a quasilocal smoothing operator. Now Equations (7.2) and (7.3) together yield∫
R
q(t)eitPdt = (iQ)n
∫
R
q(n)(t)eitPdt−R,
from which the claim follows.
Recall that if f is a Schwartz function, then the operator f(P ) is given by
f(P ) =
1√
2pi
∫
R
fˆ(t)eitPdt, (7.4)
where fˆ is the Fourier transform of f . Since fˆ is also a Schwartz function, it satisfies the
assumption in Corollary 7.2 for all n ∈ N0, i.e., f(P ) is a quasilocal smoothing operator.
Applying this argument to the adjoint operator f(P )∗ = f(P ), we get with Lemma 4.7
our next corollary:
Corollary 7.3. If f is a Schwartz function, then f(P ) ∈ UΨDO−∞(E).
Recall from [Špa09, Lemma 4.2] that the uniformly pseudolocal operators form a
C∗-algebra and that the uniformly locally compact operators form a closed, two-sided
∗-ideal in there. Since Schwartz functions are dense in C0(R) and quasilocal smoothing
operators are uniformly locally compact (Corollary 5.5), we get with the above corollary
that g(P ) is uniformly locally compact if g ∈ C0(R).
Corollary 7.4. Let g ∈ C0(R). Then g(P ) is uniformly locally compact.
Now we turn our attention to functions which are more general than Schwartz functions.
To be concrete, we consider functions of the following type:
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Definition 7.5 (Symbols on R). For arbitrary m ∈ Z we define
Sm(R) := {f ∈ C∞(R) | |f (n)(x)| < Cn(1 + |x|)m−n for all n ∈ N0}.
Note that we have S(R) = ⋂m Sm(R), where S(R) denotes the Schwartz space. 
Let us state now the generalization of [Roe88, Theorem 5.5] from operators of Dirac
type to uniform pseudodifferential operators:
Proposition 7.6 (cf. [Roe88, Theorem 5.5]). Let f ∈ Sm(R) with m ≤ 0. Then for all
l ∈ R the operator f(P ) is a quasilocal operator of order mk + k − 1, i.e., is an operator
f(P ) : H l(E)→ H l−(mk+k−1)(E).
Proof. The proof is analogous to Roe’s proof of [Roe88, Theorem 5.5], but more technical.
First let us note that f(P ) is a bounded operator of order mk. To see this note that
(1 + |x|)−m · f(x) is a bounded function and therefore (1 + |P |)−m ◦ f(P ) is a bounded
operator of order 0. Combining the fact that (1 + |P |)−m is an operator of order −mk
together with the fundamental elliptic estimate from Theorem 6.7 we get the result that
f(P ) is bounded of order mk.
Now we want not only boundedness of f(P ) but also that it is quasilocal. Roe uses in
his proof of [Roe88, Theorem 5.5] the fact that eitD has propagation |t| for D a Dirac
operator. But for pseudodifferential operators the best that we have is our Lemma 7.1
and that’s the reason why we loose k− 1 orders for the statement that f(P ) is quasilocal.
The rest of our proof is analogous to Roe’s proof.
At last, let us turn our attention to a result regarding differences ψ(P ) − ψ(P ′) of
operators defined via functional calculus. We will need the following proposition in the
proof of the proposition where we show that symmetric, elliptic uniform pseudodifferential
operators with the same symbol define the same uniform K-homology class.
Proposition 7.7 ([HR00, Proposition 10.3.7]31). Let ψ be a bounded Borel function
whose distributional Fourier transform ψˆ is such that the product sψˆ(s) is in L1(R).
If P and P ′ are symmetric and elliptic uniform pseudodifferential operators of positive
order k ≥ 1 such that their difference P − P ′ has order q, then we have for all l ∈ R
‖ψ(P )− ψ(P ′)‖l,l−q ≤ Cψ · ‖P − P ′‖l,l−q,
where the constant Cψ = 12pi
∫ |sψˆ(s)|ds does not depend on the operators.
Proof. We first assume that ψˆ is compactly supported and sψˆ(s) a smooth function. Then
we use the result [HR00, Proposition 10.3.5]32, which is a generalization of Equation 7.4
to more general functions than Schwartz functions, and get〈(
ψ(P )− ψ(P ′))u, v〉
Hl−q
=
1
2pi
∫ 〈(
eisP − eisP ′)u, v〉
Hl−q
· ψˆ(s)ds,
31The cited proposition requires additionally a common invariant domain for P and P ′. In our case
here this domain is given by, e.g., H∞(E).
32Though stated there only for differential operators, its proof also works word-for-word for pseudodif-
ferential ones.
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for all u, v ∈ C∞c (E). From the Fundamental Theorem of Calculus we get〈(
eisP − eisP ′)u, v〉
Hl−q
= i ·
∫ s
0
〈(
eitP (P − P ′)ei(s−t)P ′)u, v〉
Hl−q
dt
and therefore ∣∣∣〈(eisP − eisP ′)u, v〉
Hl−q
∣∣∣ ≤ s · ‖P − P ′‖l,l−q · ‖u‖l · ‖v‖l−q.
Putting it all together, we get∣∣∣〈(ψ(P )− ψ(P ′))u, v〉
Hl−q
∣∣∣ ≤ Cψ · ‖P − P ′‖l,l−q · ‖u‖l · ‖v‖l−q.
Now the general claim follows from an approximation argument analogous to the one
at the end of the proof of [HR00, Proposition 10.3.5].
8 Review of uniform K-homology
Let us first recall briefly the notion of multigraded Hilbert spaces. They arise as L2-spaces
of vector bundles on which Clifford algebras act.
A graded Hilbert space is a Hilbert space H with a decomposition H = H+ ⊕H− into
closed, orthogonal subspaces. This is equivalent to the existence of a grading operator 
such that its ±1-eigenspaces are exactly H± and such that  is a selfadjoint unitary.
If H is a graded space, then its opposite is the graded space Hop whose underlying
vector space is H, but with the reversed grading, i.e., (Hop)+ = H− and (Hop)− = H+.
This is equivalent to Hop = −H .
An operator on a graded space H is called even if it maps H± again to H±, and it is
called odd if it maps H± to H∓. Equivalently, an operator is even if it commutes with
the grading operator  of H, and it is odd if it anti-commutes with it.
Definition 8.1 (Multigraded Hilbert spaces). Let p ∈ N0. A p-multigraded Hilbert space
is a graded Hilbert space which is equipped with p odd unitary operators 1, . . . , p such
that ij + ji = 0 for i 6= j, and 2j = −1 for all j. 
Note that a 0-multigraded Hilbert space is just a graded Hilbert space. We make the
convention that a (−1)-multigraded Hilbert space is an ungraded one.
Definition 8.2 (Multigraded operators). Let H be a p-multigraded Hilbert space. Then
an operator on H will be called multigraded, if it commutes with the multigrading
operators 1, . . . , p of H. 
To define uniform Fredholm modules we will need the following notions. Let us define
L-LipR(X) := {f ∈ Cc(X) | f is L-Lipschitz, diam(supp f) ≤ R and ‖f‖∞ ≤ 1}.
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Definition 8.3 ([Špa09, Definition 2.3]). Let T ∈ B(H) be an operator on a Hilbert
space H and ρ : C0(X)→ B(H) a representation.
We say that T is uniformly locally compact, if for every R,L > 0 the collection
{ρ(f)T, Tρ(f) | f ∈ L-LipR(X)}
is uniformly approximable (see Definition 5.1).
We say that T is uniformly pseudolocal, if for every R,L > 0 the collection
{[T, ρ(f)] | f ∈ L-LipR(X)}
is uniformly approximable. 
Definition 8.4 (Multigraded uniform Fredholm modules, cf. [Špa09, Definition 2.6]).
Let p ∈ Z≥−1. A triple (H, ρ, T ) consisting of
• a separable p-multigraded Hilbert space H,
• a representation ρ : C0(X)→ B(H) by even, multigraded operators, and
• an odd multigraded operator T ∈ B(H) such that
– the operators T 2 − 1 and T − T ∗ are uniformly locally compact and
– the operator T itself is uniformly pseudolocal
is called a p-multigraded uniform Fredholm module over X. 
Example 8.5 ([Špa09, Theorem 3.1]). Špakula showed that the usual Fredholm module
arising from a generalized Dirac operator is uniform if we assume bounded geometry:
if D is a generalized Dirac operator acting on a Dirac bundle S of bounded geometry
over a manifold M of bounded geometry, then the triple (L2(S), ρ, χ(D)), where ρ is the
representation of C0(M) on L2(S) by multiplication operators and χ is a normalizing
function (see Definition 9.1), is a uniform Fredholm module. It is multigraded if the
Dirac bundle S has an action of a Clifford algebra. 
A collection (H, ρ, Tt) of uniform Fredholm modules is called an operator homotopy if
t 7→ Tt ∈ B(H) is norm continuous.
Definition 8.6 (Uniform K-homology, [Špa09, Definition 2.13]). We define the uniform
K-homology group Kup (X) of a locally compact and separable metric space X to be
the abelian group generated by unitary equivalence classes of p-multigraded uniform
Fredholm modules with the relations:
• if x and y are operator homotopic, then [x] = [y], and
• [x] + [y] = [x⊕ y],
where x and y are p-multigraded uniform Fredholm modules. 
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To prove that the uniform K-homology class of an elliptic uniform pseudodifferential
operator only depends on the principal symbol of the operator we will need the result
that weakly homotopic Fredholm modules define the same K-homology class.
Definition 8.7 (Weak homotopies). Let a time-parametrized family of uniform Fredholm
modules (H, ρt, Tt) for t ∈ [0, 1] satisfy the following properties:
• the family ρt is pointwise strong-∗ operator continuous, i.e., for all f ∈ C0(X) we
get a path ρt(f) in B(H) that is continuous in the strong-∗ operator topology33,
• the family Tt is continuous in the strong-∗ operator topology on B(H), i.e., for all
v ∈ H we get norm continuous paths Tt(v) and T ∗t (v) in H, and
• for all f ∈ C0(X) the families of compact operators [Tt, ρt(f)], (T 2t − 1)ρt(f) and
(Tt − T ∗t )ρt(f) are norm continuous.
Then we call it a weak homotopy between (H, ρ0, T0) and (H, ρ1, T1). 
Theorem 8.8 ([Eng15a, Theorem 3.30]). Let (H, ρ0, T0) and (H, ρ1, T1) be weakly ho-
motopic uniform Fredholm modules over a manifold of bounded geometry.34
Then they define the same uniform K-homology class.
9 K-homology classes of uniform elliptic operators
We will show that symmetric, elliptic uniform pseudodifferential operators of positive order
naturally define classes in uniform K-homology. This result is a crucial generalization of
[Špa09, Theorem 3.1], where this statement is proved for generalized Dirac operators.
First we need a definition and then we will plunge right into the main result:
Definition 9.1 (Normalizing functions). A smooth function χ : R→ [−1, 1] with
• χ is odd, i.e., χ(x) = −χ(−x) for all x ∈ R,
• χ(x) > 0 for all x > 0, and
• χ(x)→ ±1 for x→ ±∞
is called a normalizing function. 
Theorem 9.2. Let M be a manifold of bounded geometry and without boundary, E →M
be a p-multigraded vector bundle of bounded geometry, P ∈ UΨDOk(E) be a symmetric
and elliptic uniform pseudodifferential operator on E of positive order k ≥ 1, and let P
be odd and multigraded.
Then (H, ρ, χ(P )) is a p-multigraded uniform Fredholm module over M , where the
Hilbert space is H := L2(E), the representation ρ : C0(M)→ B(H) is by multiplication
operators and χ is a normalizing function. Furthermore, the uniform K-homology class
[(H, ρ, χ(P ))] ∈ Kup (M) does not depend on the choice of χ.
33Recall that if H is a Hilbert space, then the strong-∗ operator topology on B(H) is generated by the
family of seminorms pv(T ) := ‖Tv‖+ ‖T ∗v‖ for all v ∈ H, where T ∈ B(H).
34The result hold more general spaces, but in this paper we need it only for manifolds.
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Proof. To show that (H, ρ, χ(P )) defines a uniform Fredholm module over M we have
to show that χ(P ) is uniformly pseudolocal and that χ(P )2 − 1 and χ(P )− χ(P )∗ are
uniformly locally compact.
Since χ is real-valued and P is essentially self-adjoint (by Proposition 6.9), we have
χ(P )− χ(P )∗ = 0, i.e., the operator χ(P )− χ(P )∗ is trivially uniformly locally compact.
Moreover, since we have χ(P )2 − 1 = (χ2 − 1)(P ) and χ2 − 1 ∈ C0(R), we conclude with
Corollary 7.4 that χ(P )2 − 1 is uniformly locally compact.
Because the difference of two normalizing functions is a function from C0(R), we
conclude from the same corollary that in order to show that χ(P ) is uniformly pseudolocal,
it suffices to show this for one particular normalizing function (and secondly, we get that
the class [(H, ρ, χ(P ))] is independent of the concrete choice of χ since perturbations by
uniformly locally compact operators are operator homotopic).
From now on we proceed as in the proof of [Špa09, Theorem 3.1] using the same
formulas: we choose the particular normalizing function χ(x) := x√
1+x2
to prove that
χ(P ) is uniformly pseudolocal. We have χ(P ) = 2
pi
∫∞
0
P
1+λ2+P 2
dλ with convergence of
the integral in the strong operator topology35 and get then for f ∈ L-LipR(M)
[ρ(f), χ(P )] =
2
pi
∫ ∞
0
1
1 + λ2 + P 2
(
(1 + λ2)[ρ(f), P ] + P [ρ(f), P ]P
) 1
1 + λ2 + P 2
dλ.
Suppose f ∈ L-LipR(M)∩C∞b (M). Then the integral converges in operator norm. To
see this, we have to find upper bounds for the operator norms of 1+λ2
1+λ2+P 2
[ρ(f), P ] 1
1+λ2+P 2
and P
1+λ2+P 2
[ρ(f), P ] P
1+λ2+P 2
, that are integrable with respect to λ. Recall Definition 7.5
of the symbol classes on R:
Sm(R) := {g ∈ C∞(R) | |g(n)(x)| < Cl(1 + |x|)m−n for all n ∈ N0}.
Since both 1
1+λ2+x2
∈ S−2(R) and 1+λ2
1+λ2+x2
∈ S−2(R) (with respect to the variable x, i.e.,
for fixed λ), the operators 1
1+λ2+P 2
and 1+λ2
1+λ2+P 2
are operators of order −2k by the first
paragraph of the proof of Proposition 7.6. So 1+λ2
1+λ2+P 2
[ρ(f), P ] 1
1+λ2+P 2
is an operator of
order −3k − 1 since [ρ(f), P ] is of order k − 1 by Proposition 4.8. So especially it is a
bounded operator, and one can show that there is an integrable upper bound on the
operator norm with respect to λ. The latter can be done by, e.g., using the estimates
that Roe derived in his proof of his version of Proposition 7.6. Analogously we can treat
P
1+λ2+P 2
[ρ(f), P ] P
1+λ2+P 2
which is an operator of order −k − 1.
Furthermore, there exists an N > 0 which depends only on an ε > 0, R = diam(supp f)
and the norms of the derivatives of f ,36 such that there are λ1, . . . , λN and the above
integral is at most ε away from the sum of the integrands for λ1, . . . , λN .
Since both 1
1+λ2+x2
∈ S−2(R) and 1+λ2
1+λ2+x2
∈ S−2(R) (with respect to the variable x,
i.e., for fixed λ), the operators 1
1+λ2+P 2
and 1+λ2
1+λ2+P 2
are quasilocal operators of order
−k−1 by Proposition 7.6. This also holds for their adjoints and so, by Corollary 5.5, they
35This follows from the equality x√
1+x2
= 2pi
∫∞
0
x
1+λ2+x2 dλ for all x ∈ R.
36The dependence on R and on the derivatives of f comes from the operator norm estimate of [ρ(f), P ].
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are uniformly locally compact. The same conclusion applies to the operators P
1+λ2+P 2
and (1+λ
2)P
1+λ2+P 2
which are quasilocal of order −1 and hence also uniformly locally compact.
So the first summand
1 + λ2
1 + λ2 + P 2
[ρ(f), P ]
1
1 + λ2 + P 2
of the integrand is the difference of two compact operators and their approximability by
finite rank operators depends only on R = diam(supp f) and the Lipschitz constant L
of f . An analogous argument applies to the second summand
1
1 + λ2 + P 2
P [ρ(f), P ]P
1
1 + λ2 + P 2
of the integrand (note that P 2
1+λ2+P 2
is a bounded operator).
So the operator [ρ(f), χ(P )] is for f ∈ L-LipR(M) ∩ C∞b (M) compact and its approx-
imability by finite rank operators depends only on R, L and the norms of the derivatives
of f . That this suffices to conclude that the operator is uniformly pseudolocal is exactly
Point 5 in Lemma 5.7.
To conclude the proof we have to show that χ(P ) is odd and multigraded. But this
was already shown in full generality in [HR00, Lemma 10.6.2].
We have shown in the above theorem that a symmetric, elliptic uniform pseudodiffer-
ential operator naturally defines a class in uniform K-homology. Now we will show that
this class does only depend on the principal symbol of the pseudodifferential operator.
Note that ellipticity of an operator does only depend on its symbol (since it is actually
defined that way, see Definition 6.4, which is possible due to Lemma 6.3), i.e., another
pseudodifferential operator with the same symbol is automatically also elliptic.
Proposition 9.3. The uniform K-homology class of a symmetric and elliptic uniform
pseudodifferential operator P ∈ UΨDOk≥1(E) does only depend on its principal symbol
σ(P ), i.e., any other such operator P ′ with the same principal symbol defines the same
uniform K-homology class.
Proof. Consider in UΨDOk(E) the linear path Pt := (1−t)P +tP ′ of operators. They are
all symmetric and, since σ(P ) = σ(P ′), they all have the same principal symbol. So they
are all elliptic and therefore we get a family of uniform Fredholm modules (H, ρ, χ(Pt)),
where we use a fixed normalizing function χ.
Now if the family χ(Pt) of bounded operators would be norm-continuous, the claim
that we get the same uniform K-homology classes would follow directly from the relations
defining uniform K-homology. But it seems that in general it is only possible to conclude
the norm continuity of χ(Pt) if the difference P − P ′ is a bounded operator,37 i.e., if the
order k of P is 1 (since then the order of the difference P − P ′ would be 0, i.e., it would
define a bounded operator on L2(E)); see Proposition 7.7.
37see, e.g., [HR00, Proposition 10.3.7]
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In the case k > 1 we get continuity of χ(Pt) only in the strong-∗ operator topology on
B(L2(E)). This is seen with Proposition 7.7,38 which implies that the family t 7→ χ(Pt)
is continuous in the norm topology of operators of degree k−1. Therefore, if v ∈ L2(E) is
an element of the Sobolev space Hk−1(E) ⊂ L2(E), then t 7→ χ(Pt)(v) is norm continuous
for the L2-norm. For general v ∈ L2(E) we do an approximation argument.
To show that (H, ρ, χ(P0)) and (H, ρ, χ(P1)) define the same uniform K-homology
class we will use Theorem 8.8, i.e., we will show now that the family (H, ρ, χ(Pt)) is a
weak homotopy.
The first bullet point of the definition of a weak homotopy is clearly satisfied since
our representation ρ is fixed, i.e., does not depend on the time t. Moreover, we have
already discussed the second bullet point in the paragraph above, so it remains to varify
that the third point is satisfied. We will treat here only the case [ρ(f), χ(Pt)] since the
arguments for ρ(f)(χ(Pt)2 − 1) are similar and the case of ρ(f)(χ(Pt)− χ(Pt)∗) is clear
since χ(Pt)− χ(Pt)∗ = 0, because Pt is essentially self-adjoint.
So let χ be the normalizing function χ(x) = x√
1+x2
. This is the one used in the proof of
the above Theorem 9.2 and we use the integral representation of [ρ(f), χ(Pt)] derived in
that proof. We will only treat the second summand 1
1+λ2+P 2t
Pt[ρ(f), Pt]Pt
1
1+λ2+P 2t
since
it contains two more Pt than the first summand (i.e., it is harder to deal with the second
summand than with the first one). We have 1
1+λ2+x2
∈ S−2(R) (with respect to x) and
therefore ψ(x) := x2+ε 1
1+λ2+x2
∈ Sε(R). So ψ′(x) ∈ Sε−1(R) and ψ′′(x) ∈ Sε−2(R), which
means that both are L2-integrable if ε < 1/2, i.e., ψ′(x) ∈ H1(R). Therefore the Fourier
transform of ψ′(x) is L1-integrable. But the Fourier transform of ψ′(x) is s · ψ̂(s), i.e., ψ
qualifies for Proposition 7.7 (that ψ′(x) is not bounded is ok, the proposition still works
in this case). So t 7→ ψ(Pt) will be continuous in ‖ − ‖0,−k+1-norm. By elliptic regularity
this means that t 7→ 1
1+λ2+P 2t
is continuous in ‖−‖0,(1+ε)(k−1)-norm. Since t 7→ [ρ(f), Pt] is
continuous in ‖−‖0,−k+2-norm, we conclude that the whole second summand is continuous
in ‖ − ‖0,2ε(k−1)−k+2-norm. If ε = 1/2, then 2ε(k − 1) − k + 2 = 1. Since we have to
choose ε < 1/2, we choose it just beneath 1/2, i.e., so that 2ε(k− 1)− k+ 2 > 0. It then
follows that [ρ(f), χ(Pt)] is continuous in operator norm, which concludes this proof.
10 Final remarks and open questions
Quasilocal operators and questions of propagation
In the definition of uniform pseudodifferential operators we used for the (−∞)-part of
them quasilocal smoothing operators. Now the definition of quasi-local operators tempts
one to think that such operators might be approximable by finite propagation operators,
but this is actually an open problem.
The first results obtained in this direction were by Rabinovich–Roch–Silbermann
[RRS98], resp., of Lange–Rabinovich [LR85] that on Rn every quasi-local operator is
38An example of a normalizing function χ fulfilling the prerequisites of Proposition 7.7 may be found in,
e.g., [HR00, Exercise 10.9.3].
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approximable by finite propagation operators. This result was recently generalized by
Špakula and Tikuisis [ŠT17] to all metric spaces with finite decomposition complexity.
The only other (partial) result that the author knows is his own [Eng15b] that on spaces
of polynomial growth one can approximate operators with a super-polynomially fast
decaying dominating function by finite propagation operators.
Currently the main question in this matter is whether one can actually construct a
counter-example:
Question 10.1. Does there exist a quasilocal operator which is not approximable by
finite propagation operators?
The class of uniform pseudodifferential operators defined in this article is in the
following sense connected to the above question: assume that we would have defined our
class of operators in such a way that the (−∞)-part would be an operator which is in
the Fréchet closure39 of the finite propagation smoothing operators. Then the results
of Section 5 would give a direct connection to the uniform Roe algebra: we would then
be able to conclude UΨDO−∞(E) = UΨDO−1(E) = C∗u(E), where C∗u(E) is the uniform
Roe algebra of E, i.e., the closure of the finite propagation, uniformly locally compact
operators on E.
If we would do the above, i.e., changing the definition from quasilocal to approximable
by finite propagation operators, there would be one piece of information missing that we
do have at our disposal by using quasilocal operators: recall that in the analysis of uniform
pseudodifferential operators Lemma 7.1 was the main technical ingredient which led, e.g.,
to Corollary 7.3 stating that if f is a Schwartz function, then f(P ) ∈ UΨDO−∞(E) for
P a symmetric and elliptic uniform pseudodifferential operator of positive order. But the
author does not know whether Lemma 7.1 would also hold for the changed definition, i.e.,
whether under the conditions of that lemma the operator eitP would be approximable in
the needed operator norm by finite propagation operators.
Question 10.2. Does Lemma 7.1 specialize to the statement that if the (−∞)-part of
P is in the Fréchet closure of the finite propagation smoothing operators, then eitP is
approximable by finite propagation operators of order k in the operator norms ‖ − ‖lk,lk−k
for all l ∈ Z?
Given a generalized Dirac operator D, the construction of its rough index class40
produces directly a representative of it with finite propagation. The reason for this is
that the wave operator eitD has finite propagation.
If we have a symmetric and elliptic uniform pseudodifferential operator P , we get a
rough index class ind(P ) ∈ K∗(C∗u(M)) by first constructing [P ] ∈ Ku∗ (M) and then
mapping it by the rough assembly map to K∗(C∗u(M)). But constructing ind(P ) directly
by the same procedure as above for Dirac operators, we get a problem: we only know
39That is to say, in the closure with respect to the family of norms (‖ − ‖−k,l, ‖ −∗ ‖−k,l)k,l∈N, where
‖ − ‖−k,l denotes the operator norm H−k(E)→ H l(E).
40The construction of the rough index class is analogous to the construction of the coarse one. A suitable
reference is, e.g., [Roe93, Section 4.3].
33
from Lemma 7.1 that eitP is a quasilocal operator with linearly decaying dominating
function. Since we currently don’t have an answer for the above Question 10.2, we can
not guarantee that this direct construction would produce a rough index class of P which
lives in the K-theory of the uniform Roe algebra, i.e., which is approximable by finite
propagation operators.
In [Eng15b] the author introduced a smooth subalgebra of the uniform Roe algebra
consisting of those operators whose dominating functions is super-polynomially fast
decaying. Since we showed in Lemma 7.1 that eitP has a linearly decaying dominating
function, the question is whether we can improve this result and so make it amenable
to the techniques of [Eng15b]. Note that Lemma 7.1 does not assume anything on the
dominating function of P , i.e., one might hope that one can get better rates of decay for
the dominating function of eitP if one assume that P itself already has good decay of its
dominating funtion.
Question 10.3. Let P be a symmetric and elliptic uniform pseudodifferential operator.
Does the dominating function of eitP have super-polynomial decay? Maybe if we assume
that P has finite propagation or a super-polynomially decaying dominating function?
Further questions about uniform pseudodifferential operators
We know that the principal symbol map σk induces an isomorphism of vector spaces
UΨDOk−[1](E,F ) ∼= Symbk−[1](E,F ) for all k ∈ Z and vector bundles E, F of bounded
geometry. For the case k = 0 and E = F we furthermore know from Proposition 4.8 that
UΨDO0−[1](E) is an algebra, and σ0 will be an isomorphism of algebras.
In the case that the manifold M is compact, it is known that σ0 is continuous against
the quotient norm41 on ΨDO0−[1](E) and therefore σ0 will induce an isomorphism of
C∗-algebras ΨDO0−[1](E) ∼= Symb0−[1](E).
Question 10.4. Let M be a non-compact manifold of bounded geometry. Does σ0 induce
an isomorphism of C∗-algebras UΨDO0−[1](E) ∼= Symb0−[1](E)?
To show this we would have to compare the quotient norms on UΨDO0−[1](E) and
on Symb0−[1](E). The first to prove similar results in the compact case were Seeley in
[See65, Lemma 11.1] and Kohn and Nirenberg in [KN65, Theorem A.4], and two years
later Hörmander provided in [Hör67, Theorem 3.3] a proof of this for his class S0ρ,δ with
δ < ρ of pseudodifferential operators of order 0. Maybe one of these proofs generalizes to
our case of uniform pseudodifferential operators on open manifolds.
The main technical part in the proof of Theorem 9.2 that a uniform pseudodifferential
operator defines a class in uniform K-homology was to show that the operator χ(P ) is
uniformly pseudolocal for χ a normalizing function. In Proposition 5.8 we have shown that
uniform pseudodifferential operators of order 0 are automatically uniformly pseudolocal.
So if we could show that the operator χ(P ) is a uniform pseudodifferential operator of
order 0, the proof of Theorem 9.2 would follow immediately.
41Which is induced from the operator norm on ΨDO0(E) ⊂ B(L2(E)). Since for M compact we have
ΨDO−1(E) = K(L2(E)), the quotient norm on ΨDO0−[1](E) is called the essential norm.
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Question 10.5. Under which conditions on the function f (or the operator P ) will be
f(P ) again a uniform pseudodifferential operator?
For a compact manifold M there are quite a few proofs that under certain conditions
functions of pseudodifferential operators are again pseudodifferential operators: the first
one to show such a result was Seeley [See67], where he proved it for complex powers of
elliptic classical pseudodifferential operators. It was then extended by Strichartz [Str72]
from complex powers to symbols in the sense of Definition 7.5, and from classical operators
to all of Hörmander’s class Sk1,0(M). And last, we mention the result [DS99, Theorem 8.7]
of Dimassi and Sjöstrand for h-pseudodifferential operators in the semi-classical setting.
Now if we want to establish similar results in our setting, we get quite fast into trouble:
e.g., the proof of Strichartz does not generalize to non-compact manifolds. He crucially
uses that on compact manifolds we may diagonalize elliptic operators, which is not at all
the case on non-compact manifolds (consider, e.g., the Laplace operator on Euclidean
space). Looking for a proof that may be generalized to the non-compact setting, we
stumble over Taylor’s result from [Tay81, Chapter XII]. There he proves a result similar
to Strichartz’ but with quite a different proof, which may be possibly generalized to
non-compact manifolds. An evidence for this is given by Cheeger, Gromov and Taylor
in [CGT82, Theorem 3.3], since this is exactly the result that we want to prove for our
uniform pseudodifferential operators, but in the special case of the operator
√−∆, and
their proof is a generalization of the one from the above cited book of Taylor. So it seems
quite reasonable that we may probably extend the result of Cheeger, Gromov and Taylor
to all uniform pseudodifferential operators in our sense.
The above ideas were already used by Kordyukov [Kor00] to derive Lp-estimates for
functions of certain elliptic uniform pseudodifferential operators. Furthermore, in the same
article he also used ideas surrounding the geometric optics equation, which are Taylor’s
main tool in [Tay81, Chapter VIII], to show that functions of elliptic pseudodifferential
operators with positive scalar principal symbol are again pseudodifferential operators.
Beals and Ueberberg both gave in their articles [Bea77] and [Ueb88] characterizations
of pseudodifferential operators via certain mapping properties of these operators from
the Schwartz space to its dual. From that they derived that the inverse, if it exists, of a
pseudodifferential operator of order 0 is again a pseudodifferential operator.
Question 10.6. Does there exists a similar characterization of uniform pseudodifferential
operators on manifolds of bounded geometry as the one in [Bea77] and [Ueb88] by Beals
and Ueberberg?
References
[AP68] P. M. Anselone and T. W. Palmer, Collectively compact sets of linear operators,
Pacific J. Math. 25 (1968), no. 3, 417–422.
[AS68] M. F. Atiyah and I. M. Singer, The Index of Elliptic Operators: I, Ann. Math.
87 (1968), no. 3, 484–530.
35
[Aub98] T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer Mono-
graphs in Mathematics, Springer-Verlag, 1998.
[BB03] K.D. Bierstedt and J. Bonet, Some aspects of the modern theory of Fréchet
spaces, Rev. R. Acad. Cien. Serie A. Mat. 97 (2003), no. 2, 159–188.
[Bea77] R. Beals, Characterization of pseudodifferential operators and applications,
Duke Math. J. 44 (1977), no. 1, 45–57, A correction to this article appeared in
vol. 46, no. 1 (1979).
[CGT82] J. Cheeger, M. Gromov, and M. Taylor, Finite Propagation Speed, Kernel
Estimates for Functions of the Laplace Operator, and the Geometry of Complete
Riemannian Manifolds, J. Diff. Geom. 17 (1982), 15–54.
[DS99] M. Dimassi and J. Sjöstrand, Spectral asymptotics in the semi-classical limit,
London Mathematical Society Lecture Note Series, no. 268, Cambridge Univer-
sity Press, 1999.
[Eng14] A. Engel, Indices of pseudodifferential operators on open manifolds, Ph.D.
thesis, University of Augsburg, 2014, arXiv:1410.8030, URN:NBN resolver
urn:nbn:de:bvb:384-opus4-28850.
[Eng15a] , Index theory of uniform pseudodifferential operators, available at
arXiv:1502.00494, 2015.
[Eng15b] , Rough index theory on spaces of polynomial growth and contractibility,
arXiv:1505.03988, to appear in J. Noncommut. Geom., 2015.
[Gan10] V. Ganglberger, The Kernel Theorem and Microlocal Analysis for Distributions
on Manifolds, Diploma Thesis, Universität Wien, 2010.
[Gre78] R. E. Greene, Complete metrics of bounded curvature on noncompact manifolds,
Archiv der Mathematik 31 (1978), no. 1, 89–95.
[Gro81] M. Gromov, Curvature, diameter and Betti numbers, Comment. Math. Helvetici
56 (1981), 179–195.
[GS13] N. Große and C. Schneider, Sobolev spaces on Riemannian manifolds with
bounded geometry: General coordinates and traces, Math. Nachr. 286 (2013),
no. 16, 1586–1613.
[Hör67] L. Hörmander, Pseudo-differential Operators and Hypoelliptic Equations, Proc.
Symp. Pure Math. 10 (1967), 138–183, Singular Integrals (1966).
[HR00] N. Higson and J. Roe, Analytic K-Homology, Oxford University Press, New
York, 2000.
[KN65] J. J. Kohn and L. Nirenberg, An Algebra of Pseudo-Differential Operators,
Comm. Pure Appl. Math. 18 (1965), 269–305.
36
[Kor91] Yu. A. Kordyukov, Lp-Theory of Elliptic Differential Operators on Manifolds
of Bounded Geometry, Acta Appl. Math. 23 (1991), 223–260.
[Kor00] , Lp-Estimates for Functions of Elliptic Operators on Manifolds of
Bounded Geometry, Russ. J. Math. Phys. 7 (2000), no. 2, 216–229.
[LM89] H. B. Lawson, Jr. and M.-L. Michelsohn, Spin Geometry, Princeton University
Press, 1989.
[LR85] B. V. Lange and V. S. Rabinovich, Noether Property for Multidimensional
Discrete Convolution Operators, Mat. zametki 37 (1985), no. 3, 407–421,
(translated from Russian).
[MM13] A. McIntosh and A. J. Morris, Finite propagation speed for first order systems
and Huygens’ principle for hyperbolic equations, Proc. Amer. Math. Soc. 141
(2013), 3515–3527.
[PCB87] P. Pérez Carreras and J. Bonet, Barrelled Locally Convex Spaces, North-Holland
Mathematics Studies, vol. 131, Elsevier Science, 1987.
[Roe88] J. Roe, An Index Theorem on Open Manifolds, I, J. Differential Geom. 27
(1988), 87–113.
[Roe93] , Coarse Cohomology and Index Theory on Complete Riemannian Man-
ifolds, vol. 104, Memoirs of the American Mathematical Society, no. 497,
American Mathematical Society, 1993.
[Roe96] , Index Theory, Coarse Geometry, and Topology of Manifolds, CBMS
Regional Conference Series in Mathematics, vol. 90, American Mathematical
Society, 1996.
[Roe03] , Lectures on Coarse Geometry, University Lecture Series, vol. 31,
American Mathematical Society, 2003.
[RRS98] V. S. Rabinovich, S. Roch, and B. Silbermann, Fredholm Theory and Finite
Section Method for Band-Dominated Operators, Integr. equ. oper. theory 30
(1998), 452–495.
[See65] R. T. Seeley, Integro-differential operators on vector bundles, Transactions of
the American Mathematical Society 117 (1965), 167–167.
[See67] , Complex Powers of an Elliptic Operator, Proc. Symp. Pure Math. 10
(1967), 288–307.
[Shu92] M. A. Shubin, Spectral Theory of Elliptic Operators on Non-Compact Manifolds,
Astérisque 207 (1992), 35–108.
[Špa09] J. Špakula, Uniform K-homology theory, J. Funct. Anal. 257 (2009), 88–121.
37
[ŠT17] J. Špakula and A. Tikuisis, Relative commutant pictures of Roe algebras,
arXiv:1707.04552, 2017.
[Str72] R. S. Strichartz, A Functional Calculus for Elliptic Pseudo-Differential Opera-
tors, American Journal of Mathematics 94 (1972), no. 3, 711–722.
[Tau10] D. Tausk, “Essential self-adjointness of differential operators on compact mani-
folds”, MathOverflow, 2010, http://mathoverflow.net/q/47123.
[Tay81] M. E. Taylor, Pseudodifferential Operators, Princeton Mathematical Series,
vol. 34, Princeton University Press, Princeton, New Jersey, 1981.
[Tay08] , Pseudodifferential Operators, 2008, Four Lectures at MSRI.
[Tri83] H. Triebel, Theory of Function Spaces, Monographs in Mathematics, vol. 78,
Birkhäuser, 1983.
[Tri10] , Theory of Function Spaces II, Modern Birkhäuser Classics, Birkhäuser
Verlag, 2010, Reprint of the 1992 Edition of vol. 84 in the Monographs in
Mathematics series by Birkhäuser Verlag.
[Ueb88] J. Ueberberg, Zur Spektralinvarianz von Algebren von Pseudodifferentialopera-
toren in der Lp-Theorie, Manuscripta Math. 61 (1988), 459–475.
38
